ON THE HOMOGENEIZED WEYL ALGEBRA 



ROBERTO MARTINEZ- VILLA AND JERONIMO MONDRAGON 



Abstract. The aim of this paper is to give relations between the category of 
finetely generated graded modules over the homogeneized Weyl algebra B n , 
the finetely generated modules over the Weyl algebra A n and the finetely 
generated graded modules over the Yoneda algebra B* n of B n . We will give 
these relations both at the level of the categories of modules and at the level 
of the derived categories. 



1. Various algebras associated to A n 

We assume through the paper that the reader is familiar with basic results on 
Weyl algebras, as in the book by Coutinho [Co] and the notes by Milicic [Mil], as 
well as, with basic results on Koszul algebras [GM1], [GM2], and derived categories, 
for which we will refer to Miyachi's notes [Mi]. 

We begin the paper stating without proofs some basic results on the homogenized 
Weyl algebras and refer the reader to [Mo] for the proofs. 

Let K be a field of zero characteristic, it is well known that the Weyl algebra 
A n has the following description by generators and relations: 

A n = K < Xi,X 2 ,...X n ,Si,S 2 ,...S n > /{[Xi,Sj] = d lJ ,[X l ,X J i ,[S i ,S j }}, where 
K < Xi, X 2 , ...X n , Si, S 2 , ■■■5 n > is the free algebra in 2n generators and [X, Y'] 
denotes the commutator XY — YX. 

Several nitrations can be given to A n but it is not graded by path length. We 
will associate to A n a quadratic algebra the so called homogenized Weyl algebra 
defined by quiver and relations as follows: B n — K < X\, X 2 , ■■■X n , 8\, S 2l ...5 n , Z > 
/{[X i ,8 j ] = d ij Z 2 ,[X i ,X j ',[8 h 8 :i ],[X i ,Zl[8 i ,Z<}. 

The algebras B n are related to the Weyl algebras as follows: Take the quotients 
A n . c = B n /{Z - c] with c e K. 

When n = the algebra A n ,o is isomorphic to the polynomial algebra 
K[Xi, X 2 . ...X n . Si, 8 2l ...8 n ] and A n> i is isomorphic to A n for c ^ 0, and K al- 
gebraically closed the algebras A n ^ c are all isomorphic to A n . 

By construction, the polynomial algebra K[z] is contained in the center of B n . 

The family of monomials of B n , {Z l X J S L \ i > 0, J, L G N n }B n is a Poincare- 
Birkoff basis. 

An element b € B n can be written as b = ^ bi.p.QZ l X p 8® define d(b) = max{| 

P\ + \Q\\k,p,Q^o} 
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1) d(a + b) < m&x{d{a),d(b)} 

2) d{ab) = d{a) + d(b) 

Lemma 1. The center of B n is isomorphic to K\Z\. 
Proof. Let b G Z(B n ) be an element of the center, 

b= s ( £ o fc , a , i8 z*xrx 2 aa ...x°»jf i ^...^»). 

n=0 fe+|a| + |/3|=n 

We have an equality 6iX\ = Xi5i + Z 2 , which implies 

8 x Xl = X^xXx + Z 2 X 1 = X 1 {X 1 5 1 + Z 2 ) + Z 2 X 1 = X 2 S 1 + 2Z 2 X X . 

It follows by induction 6 X X^ = Xf 1 ^ + a 1 Z 2 X? 1 ~ 1 . 

Hence 5 1 Z k X? 1 X% 2 ...X^S^Sfr ...6fr = 

Z k X? 1 X2 2 ...X%»6f 1+1 6% 2 ...5^ + a 1 Z k+2 X? 1 - 1 X2 2 ...X%"6f 1 6% 2 ...SP" and 

Z k X^ X% 2 ...X^sf'S^ 2 ...5^6! = Z k X^X% 2 ...X%"6f 1+1 5% 2 ...<*£» 

From the equality 5ib = b8\, after cancellation we have 

( £ a 1 a k . a . J] Z k + 2 X^X^...X^S^S P 2 2 ...S^) = 0. 

k+\a\ + \f)\=n 

It follows a i = 0. 

Multiplying by: S 2 ,-S n ,wc get b = £ ( £ a k aZ k b{ 'S^.-.S^) and limiti- 
ng k+\0\=n 

m 

plying by: Xi,X2, ■■■X n we obtain by a similar calculation b = £ a^Z k . □ 

k— 

1.1. A Filtration on £?„.. Define a filtration on B n as follows: F t _B„ = {b £ B n \ 

d(b) < t} 

It has the following properties: 

0. F B n = K[Z] 

1. F t B n = for n<0 

2. U F t B n = B n 

3. 16 F Q B n 

4. F p B n F t B n C F p+t B n 

5. For any pair of integers, p,f and elmernts a € F p B n and 6 G F t _B„ the 
commutator [a, 6] = a6 — 6a is in F p + t -iB n . 

6. GrB„S A-[Z,Xi,X 2 ,...X n ,(yi,<y2,...<5 n ] 

7. Gr\B n is generated as iT-vector space by Z, X\,Xi, ...X n , 61,62, ■ ■■S n . 
These conditions imply {F t B n } is a "good filtration" (Milicic) as a consequence 

we get: 

Proposition 1. B n is noetherian as left and right ring. 
Proposition 2. The ring B n has global dimension 2n + 1. 
Proposition 3. £?„ feas Gelfand-Kirillov dimension 2n+ 1. 

Theorem 1. Le£ M &e a finitely generated B n -module, denote by d\(M) the 
Gelfand-Kirillov dimension of M. Then: 

1) Ext i Bn (M, B n ) = fori <2n+ l-d x (M) 

ii) d\(Ext i Bn (M, B n )) < 2n + 1 - i for all < i < 2n + 1 
d A (^£ +1 -^ (M) (M,B„)) = d\{M) 

Corollary 1. T/ie algebra B n is Artin Schelter regular. 
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Since B n has a Poincare-Birkoff basis and it is quadratic by [Li], [GH] it is Koszul. 
Let B' n be its Yoncda algebra B n — Ext k B {K,K), by [Sm] B n is selfinjective. 

fe>0 

It follows by general properties of Koszul algebras [GM1] ,[GM2] that B n has the 
same quiver as B n and relations orthogonal with respect to the canonical bilinear 
form. It is easy to see that B n has the following form: 

n 

B' n = K q [X 1 , X 2 , ...X n , 5 lt S 2 ,...S n , Z]/{X?, 5% J^X^ + Z 2 }, 

i=0 

where K q [Xi, X 2j ■■■Xn, 8i, 5 2 , ■■■5 n , Z] denotes the quantum polynomial ring. 

K < X 1 ,X 2 ,...X n ,5 1 ,5 2 ,...5 n ,Z > /{(X i ,X j ),(6 i ,8 j ),(X i ,Z),(5 i ,Z)}. Here 
{X, Y) denotes the anti commutators XY + YX. 

The polynomial algebra C„ = K[X\, X 2 , ...X n , <5i, <5 2 , ...S n ,Z] is a Koszul algebra 
with Yoneda algebra the exterior algebra: 

C n = K q [X u X 2 , ...X n , 5 U S 2 , ...S n , Z]/{Xf, S 2 }. 

Observe we obtain C„ as a quotient of B n and C' n is a sub algebra of B n . We 
want to prove B' n is a free Cjj-module of rank two. 

Lemma 2. The quantum polynomial algebra K q [X\, X 2 , ...X m ] has a Poincare- 
Birkoff basis, in particular it is a noetherian Koszul algebra. 

Proof. It is easy to see K q \X\,X 2 , ...X m ) has a quadratic Groebner basis then by [Li] 
it has a Poincare-Birkoff basis hence it is noetherian and by [GH] it is Koszul. □ 

It is clear that B' n is generated as K- vector space by square free words: Xj 1 
Xj 2 ...Xj t 5 il 5i 2 ...o"i s , Xj 1 Xj 2 ...Xj t 5 il 5i 2 ...5i s Z with Xj u ^ Xj v for u =/= v and 
S ikl ^ S u for k^i.We then have B' n — C n + ZG n . 

Proposition 4. There exists a C' n -module decomposition: B' n = C n © ZC' n . 

Proof. Since B' n is graded by path length, we can consider only linear combinations 
of paths (words) of the same length. We will use the standard notation: X a = 

X ai .X a2 ...X a " and 8 P = 8^5^ ...S " where a i)y 8, G {1,0} and | a 1= Va„ 

;=i 

n 

|/3|=E/?i- 

i=\ 

To see that the sum is direct we consider linear combinations: c a ^X a 8^+ 

\a\ + \P\=m 

E c^X-'S^'z = 0. 

|a'| + |/3'|=m-l 

This is: £ c a ,pX a 5 f3 + E c a , iP .X a '6 f, 'z= £qiX? + £q>8 2 + 

\ a \ + \l3\=m \a f \ + \P'\=m-l i=l i=l 

n n 

p'iZx^ + z^+pi'iZXA + z 2 ) 

i=l i=l 

t s 

Where p' = E m i i -P" = E ™"and arc monomials divisible by a square 

j=l i=l 

element and m"are square free. 

Let's assume c a ^ ^ 0. Comparing both terms of the equality, the term X a 5^\s 
square free then c a ^X a 5^ does not cancel with elements of the form: qiXf, q\8\, 
p'Z 2 , p"Z 2 or p'Xi 5,. Therefore c a ,pX a S p = m'/XjSj and m'( = c aJj X a -^ S 13 ' ^ . 

Then mfZ 2 docs not cancel with elements of the form X a S p , X^S^'z, X 2 , S 2 
or m'jX l 8 i . 
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Therefore: m'{ Z 2 = m'^XkSk = c aJj X a -^S^^ Z 2 and 

m>. = Ca.fsX^^-^S^ 13 ^ 15 ^ 2 with j ^ ft, because X a S p is square free. 

Now m'jZ 2 = c a ^I° 0,3 ak S^ ! ^ l3 ^ l3k Z 4 can be canceled only with an element 
of the form m' s X t S t and m' s = c atP X'"~'" 3 ~'" k ~ c " : 8^^-^-^ Z i . 

We continue by induction until getting an element of the form c a ^Z m that can 
not be canceled, contradicting the assumption c a ,p ^ 0. 

In a similar way we get a contradiction when assuming c a i t pi ^ 0. □ 

We have proved B' n is a free C^-module of rank two, this fact will have interesting 
applications. 

For completeness we include the proof of the following well known result. 

Lemma 3. The Weyl algebra A n is isomorphic to B n /(z — l)B n . 

Proof. We have a morphism ip : K < Xi, X2, ...X n , Si, 82, ■■■S n , Z > — > A n given 
by: tp{Xi) = X u ip{5i) = 8 h <p{Z) = 1. 

It follows ^{[X^XA) = <p([6i,6j]) = 0, for i ^ j ip>{[X u 8j\) = and <p(Xi8i - 
8iXi - Z 2 ) = 0, ipiX.Z - ZXi) = if{8iZ - ZSi) = 0. 

The map tp induces a surjection Tp : B n — > A n such that (Z — l)B n C KerTp. 

Let 7 = c i ^ l3 Z i X a 5 fs be an element in Kerlp. We write Z l = (Z-l)fi(Z) + 

1. 

Then 7 = £ a, a ,p{Z - l)fi{Z)X a 5 p + £ a, a ,pX a S p . 

Hence, ^(7) = (Y, c i,a,fs)X a S fj = 0, implies XXa,/3 = °- 

Therefore 7 = £ c^^Z - l)fi{Z)X a 8 p £ (Z - l)B n . □ 

i,ot,/3 

The embedding if [Z] — > £?„ is a morphism of graded algebras. 

1.2. The Nakayama automorphism. In this subsection we will recall some basic 
facts about selfinjective finite dimensional algebras, that will be needed in the 
particular situation we are considering. We refer to the paper by Yamagata [Y] for 
more details. 

Let A be a finite dimensional selfinjective if-algebra, over a field. Denote by 
D{Aa) = HoniK{A,K) the standard bimodule. There is an isomorphism of left 
A-modules <p : A — > D(A), which induces by adjunction a map : A <S>a A — > K. 

By definition, f3'(a ® b) = ip(b)(a).The composition: AxA^A(g) A A^K, 
(3 = f3'p is a non degenerated A— bilinear form, and A ®a A is the cokernel of 
the map A <& K A ® K A — > A ® K A given by a®b®c — ► ab ® c — a <S> be. Let 
7r : A (E>k A — > A (x)a A be the cokernel map. 

The map 0' induces a map j3 : A <E>k A — > K by /3(x <8> y) = <B> x). Hence /3 
is also non degenerated. In consequence, there is a if-linear isomorphism ip : A — > 
D(A), given by V(«i)(«2) = 0{fli ® ai) = /3(ai <S> 0-2) = <^(a 2 )(ai) , set a — ip~ ip. 

There is a chain of equalities: p(a(y),x) — 0(ip~ 1 ip(y),x) — ipip~ 1 (p(y)(x) = 

v{y){x) = P(y ® x). 

The map a : A — > A is an isomorphism of if-algebras. 

P{o-{yiV2) <8) z) = (3(z ® 2/13/2) = P(zyi O y 2 ) = P{y2,zyi) = 0{a(y 2 ),zyi) = 
P{o-(V2)z,yi) = /3(yi,a(y 2 )z) = /3(a(y 1 ),a(y 2 )z) = f3(a(yi)a(y 2 ), z). 
Since z is arbitrary and /? non degenerated (7(2/12/2) = f (z/i)c(j/2)- 
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Let D(A) a ( a -iD(A)) be the A- A bimodule with right (left) multiplication 
shifted by a (a^ 1 ). Then ip : A — > D(A) a , and ip : A — D{A) are isomorphisms 
of A- A bimodules. 

ip{xa)(y) = 0(y, xa) = (3(a(x)a(a),y) = (3(a(x), a(a)y) = 0(a(a)y, x) = 

(p(x)(a(a)y) = (p(x)a(a)(y), for all y. Therefore ip(xa) = tp(x)a(a). As claimed. 

In a similar way, ip(xb)(y) — ip(y)(xb) — (3(xb,y) — (3(x,by) — ip(by)(x) = 
ip{x)b(y). Since y is arbitrary, ip(xb) = ip(x)b. 

In the other hand, <p(y)(x) = (ip(x)(y) = fi(x,y) = (3(aa- 1 (x),y) = @(y, <T _1 (a;)) 
= ip(a~ 1 (x))(y). Hence, ip{x) — <p(a~ 1 (x)). 

It follows: V(M = yia^ifya^ix)) = a' 1 (b)^- 1 (x)) = a- 1 (b)ip(x). 

Let M be a finitely generated A-module. Since a A = D{A) as bimodule, there 
are natural isomorphisms: 

D(M*) = Hom A {Hom A (M, A), D(A) = Hom A (Hom A (M, A), a A) ^ aM** ~ 
aM, where aM = M as abelian group and multiplication by A shifted by a. 

We look now to the case A a positively graded selfinjective i-T-algebra and <p : 
A — > D(A)[n] an isomorphism of graded A-modules. Let a,x be elements of A of 
degrees k and j, respectively. Then ip(xa) = cp(x)a(a) is an homogeneous element 
of degree k + j and <r(a) = Y,a(a)i, with a{a)i homogeneous elements of degree i. 
Hence ip(x)a(a)i = for all i ^ j. ip(x)a(a)i(l) = p(x)(a(a)i) — (3(a(a)i,x) = 
for all homogeneous elements x. Hence f3(a(a)i,A) = and a(a)i = for i ^ j. 

We have proved a is an isomorphism of graded K- algebras, which induces iso- 
morphisms of graded A- A bimodules: <p : A — > D(A) a [n], and tp : A — D(A)[n\. 

We only need to check ip is an isomorphism of graded if-vector spaces. 

Being <p a graded map, <p — {ip e } and <p t : A/t — > HomK(A n _£, K)[n] isomor- 
phisms, inducing maps (3' e : A n ^e ® A At — > K and f3 e : Ag ®k A n _t — > K, with 
/3 ( (x®y) — f3' g (y <g>a;).Each /^induces maps : A n -i — > D{At)[n] such that tp = { 
if) A- becomes a graded map. 

In case M is a finitely generated graded left ^4-module there is a chain of iso- 
morphisms of graded ^4-modules: 

D(M*) = Hom A (Hom A (M, A), D(A)) = Hom A {Hom A {M,A), a A[-n]) S 
aM**[-n] S aM[-n]. 

Assume now A is Koszul scfinjective with Nakayama automorphism a and Yoneda 
algebra B. It was remarked in [M] that under these conditions there is natural ac- 
tion of a as a graded automorphism of B, we will recall now this construction. 

Let x be an element of Ext A (Ao,A ) = ®Ext A (Si, Sj), x-(xij) with Xij the 

extension: 

Xij : -> Sj[-n] -> Ei -> E 2 -> ... -> -E„ ->■ S 1 , ->■ 0. 

Then crxij- is the extension: 

(TXij : ->■ aSj[-n] -> cri?i -> ai?2 -> ... -> -> crS'i ->■ 0. 

Since a is a permutation of the graded simple, ax — ( axij) is an element of 
Ext A (A Q , A ) and cr : Ext A (A , A ) — > Ext A (A ,A a ) is an isomorphism of K- 
vector spaces which extends to a graded automorphism of B = © i^xR (A , A ). 

n>0 

Let M be a finitely generated (graded) A- module and x — (xj) e Ext A (M, A n ) = 
Ext n A {M,Sj). 

j>0 



Xj : -> 5 3 [-n] ->■ £i ->■ S 2 -> ••• -> E„ -> M ->• 0. 
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Then ax = (crxj) with 

ax. 3 : -> aSj[-n] -> o\Ei -> er.E 2 -> ••• -> <r.E„ ->■ uM -> 0. 

In this case there is an isomorphism of if- vector spaces: a : Exf\(M, Aq) — > 

Ext^aMjAo), which induces a graded isomorphism: a : © Ext^M, Ao) — ► 

© £xtt(o-M, A ). 

n>0 

We will also call the Nakayama automorphism to the automorphism a of B. 

We will look now in more detail to the Nakayama automorphism a of B' n of the 
shriek algebra of the homogenized algebra B n . 

The graded ring B' n has a sum decomposition: (B' n )o = (C' n )o, (B' n )i = (C' n )i © 
Z(C' n ) , (B' n ) 2 = {Cl) 2 ®Z{Cl) u .... {Bl), = {C [ n \ © Z(C< );-!,.. (^) 2n = 

(C„)2n © -£(C„) 2 „_1, (-8^)271+ 1 = Z(C„) 2 n 

The algebra C n is the exterior algebra in 2n variables, hence, 
dim^C-Jj^ 2 " ^ = ^ 2 ^ 2 " . ^j=dim K (C' n ) 2 n-j- 
Since (BjJ^ = {C^j © Z(C^_i, it follows: 

dim *(^( T ) + ( J' 1 ) = ( 2n 2 +l-j ) + ( 2 2 n n .j ) =^0^ Wi-,- 

The graded left module D{ (B^) decomposes in homogeneous components: 

D( (B' n ) = D( (B' n ) 2n+1 ) + D( (B' n ) 2n ) + ...£>( (B< n ) ). 

Each component (B n )i has as basis paths of length i either of the form: 

X h X j2 . ..X js S js +1 S je+2 ...5 ji _ 1 Z or X jl X h . ..X js 6 js +iS js+2 . ..6 n and D((B^) 2n +i-i) 
has as basis the dual basis of the 'paths of length 2n + 1 — i. 

The isomorphism of graded left modules: p : B' n — > D{ B' n )[—2n — 1], sends a 
path of the form 7 = Xj 1 Xj 2 ...Xj e 8j e +\8j s + 2 ...5j i _ 1 Z or of the form 

7 = Xj 1 Xj 2 ...Xj e 5j e+ i5j e+2 ...Sj i to the dual basis /^_ 7 of the path 5 — 7 of length 
2n + 1 — i , with 5 the path of maximal length S = X\X 2 ...X n 8\5 2 ...8 n Z. 

Since (B' n )i = (C' n )i © Z(C' n )i-i the isomorphisn <f> restricts to isomorphisms of 
^-vector spaces tp : (C' n ) l -)■ D(Z(C' n ) 2 „- l -i) and tp : ( ZC^)^ -)■ D((C^) 2n _i), 
hence, <p induces isomorphisms of C^-modules 93 : (CjJ — > D(Z(C' n j) and p : ( 
ZC' n ) ^ D((C' n ). 

Now the isomorphism ^ : B' n — > £)( 2ra — 1] given tp(bi)(b 2 ) = tp{b 2 ){b\) is 

2n+l 2n+l 

such that for ci G (C^)i and 6 e £>„, b = Yl ^( c i)(&) = S ( / 5 (^fe)( c i)> since 

i=0 fe=0 

for all fc 7^ i the length of 6j. is different from 2n + 1 — i, then ^(^fc)( c i) — an d 
V'(ci) € D(Z(Cn) 2n -i-i), hence, -0 induces an isomorphism of graded C„-modulcs 
tp : (C' n ) — > D(Z(C' n )) and in a similar way an isomorphism ip : ( ZC' n ) — > D((C' n ).lt 
follows the Nakayama automorphism a restricts to an automorphisms of graded 
rings: a : C' n — > C' n and of C^-bimodules a : ZC' n — > ZC' n . 

Any automorphism a of a ring B takes the center to the center, since z £ Z(B) 
implies that for any b £ B, a(zb) — a(z)a(b) = a(bz) — a(b)a(z). 

In case B is the homogenized Weyl algebra a(Z) is an homogeneous element of 
degree one in Z{B) = K[Z]. Therefore a(Z) — kZ with k a non zero element of 
the field K. 

Definition 1. Let B be the homogenized Weyl algebra. A left B -module M is of 
Z-torsion if for any element m in M, there is a non negative integer k such that 
Z k m = 0. 
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Let M be a Koszul left £ ! -module such that F(M) = © ExtVM, A ) is a B- 

n>0 

module of Z-torsion. Then F(aM) is of Z-torsion, in particular F(D(M*)[n]) is of 
Z-torsion. 

Since F(aM) = aFM for x G F(M) there is an integer k > such that Z fe .x = 
and in aFM, Z k * x = a(Z k )x = c k Z k x = 0. 

2. The graded localization of the homogenized Weyl algebra 

Consider the multiplicative subset S = {1, Z, Z 2 , ...}of K[Z]. The localization 
if[Z]s = {f/z 11 | n > 0}is a Z-graded algebra with homogeneous elements Z n /Z m oi 
degree n — m. It is clear K[Z]s = K[Z, Z _1 ] , the Laurent polynomials. 

The natural map: K\Z\ ->• if [Z, Z" 1 ] is flat. 

Our aim in this section is to study the graded localization: 

(B n )z = B n (gi K[Z, Z -1 ]. It is a Z-gradcd if-algebra with homogeneous 

K[Z] 

elements 6/Z fc of degree(b/Z k )~ degree(6)— 

We will study this algebra and its relations with the Weyl algebra A n . 

The natural map ip : B n — > (B n ) z given by b — > b ® lis a morphism of graded 
algebras. 

Since Z is in the center of B n the ideal (Z — l)B n is two sided. Let's consider 
the composition: 

B n -A (B n )z (B n ) z /(Z - l){B n )z- 

Let b be an element of Kemp. Then 6/1 G (Z — l){B n )z implies 6/1 = (Z — 
l)b'/Z k , hence there exist M > such that Z l b = Z\Z - 1)6' = (Z - l)g(Z)b + b 
and 6 = (Z - 1)(6'Z* - ff(Z)6) e (Z - l)B„.It follows iferrr^ = (Z - 1)B„ and we 
have a commutative diagram: 

B n -A (B„) z -A (S n )z/(Z-l)(B n ) z 

B„/(Z - l)B n 

where ip is an injcctivc ring morphism. We will prove it is an isomorphism. 
Let b/Z k + (Z - l)(B n ) z be an clement of (B n ) z /(Z - l){B n )z- We re write 
6/Z fe as follows: 

6/Z fe = b e /Z e + be-i/Z^ 1 + ...6 + hZ + ...b m Z m . 

But we can re write 6;/l as 6;/l = Z%/Z' 1 = (Z-l)g(Z)bi/Z l +bi/Z\ Similarly, 
b j Zi = b j (Z-l)g(Z) + b j . 

Then bi/l + (Z-l)(B n ) z = h/Z* + (Z - l)(B n )z and 6^/1 + (Z - l)(B n ) z = 
bi/l + {Z -\){B n ) z . 

Therefore: b/ Z k + {Z -\){B n ) z = (6, + 6 £ _ 1 + ...6 + 6 1 + ...6 m )/l + (Z-l)(B„) z . 

We have proved ip is an isomorphism. 

In fact we proved the following: 

Lemma 4. With the above notation, there exists ring isomorphisms: 
B n /(Z - l)B n = (B n ) z /(Z - l)(B n ) z = A n . 

Denote by r the composition 1 7r, then the following triangle commutes: 

B n -^r (B n )z 

q\ i/ t ■ 

B n /(Z - l)B n 
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Since (B n )z is Z-graded we have the inclusion ((B n )z)o — > {B n )z and the 
projection (B n ) z — > (B n )z/(Z - 1)(B„) Z . 

Let 6> : ((i?„)z)o — ► (B n )z/{Z - l)(B n ) z be the composition. 

Proposition 5. 77ie map : ((B„)z)o — ► (B n )z/{Z — \){B n ) z is an isomor- 
phism. 

A 

Proof. We prove first is injective. Let 6 be an clement of ((B n )z)o- L can be 

A TO 

written as 6 = E<7i(X, <5)Z~ ni with <7i(X, J) homogeneous polynomials of degree n» 

»=o 

and no > ni > ...n TO . 

A TO TO 

We have the following equalities: b=Z~ n ° £ gi{X, 5)Z na ~ ni and £ ^(X, 6)Z n °- ni 
=.o (X, (5) + 9l (X, 6)...g m (X, S) + (Z - l)h(Z)g'(X, S). 

A m 

Therefore: 6 = Z""° Y,gi(X,S) + (Z - l)Z- n °b'. 

i=0 

A m 

Hence, 6»(6) = means Z~ n ° J29i( x > S ) G {Z -\){B n ) z . 

j=0 

TO 

There exists s,f > such that Z t i^ j g i {X, d)) = Z S (Z - 1)6". 

i=0 

TO 

Set - £ then Z* ff (X, J) = g{X,S) + (Z - l)h(Z)g(X,S) and 

i_=0 

g(X, 8) = (Z- 1)6 with 6 e B n . 

Hence 6 = b (X, 6) + h{X, 5)Z + ...b k (X, 5)Z k . 

Then g(X, S) = -b (X, 5) + (b (X, S)-b 1 (X, 5))Z + ...(b k _ 1 (X, S)-b k (X, 5))Z k + 
b k (X,5)Z k + 1 

It follows g(X, 5) = -bo(X, 6) and b {X, 5) = h{X, 5) = b 2 {X, 5) = ...b k {X, S) = 



TO 

Therefore: g(X,S) — J29i(X,5) = but each gi(X,S) has degree rii with n > 

i=0 

m > ...n m . 

A 

It follows each gi(X, S) = and 6 = 0. 
We prove now 9 is surjective. 

Take an element b/Z k + (Z - l)(B n ) z in (B n ) z /(Z - l)(B n ) z . 

TO 

The element b decompose into homogeneous components: 6 = £ 6j with degree 
6i = n; and n < ni < ...n m . 

TO 

As above, Z"™-"*6 J = (Z - l)h(Z)h + b t . Set b[ = Z n ^~ ni b u bi = 
Hence h/Z k + (Z - l)(B n ) z = b'jZ k + (Z - l)(B n ) z . 

If £ > k, then b'/Z k + {Z- l)(B„)z = Z £ - fc 6'/Z £ = 6'/Z £ + (Z - l)f{Z)b" and 
6/Z fe + (Z - l)(S„)z - 6'/^ + (Z- l)(B n ) z . 

The case € < k is similar: &'/Z* = Z k - £ b'/Z k = b'/Z k + (Z - l)/(Z)6"and 
6/Z fe + (Z - l)(S n )z - 6'/^ + (Z - l)(B n ) z . 

In any case 9(b'/Z e ) = b/Z k + (Z - 1)(S„) Z . 

We have proved 9 is an isomorphism. □ 

With the identification B n /(Z - l)B n =i (B n ) z /(Z - l)(B n ) z =i A n we have 
proved the graded algebra (B n ) z has A n in degree zero. 
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Theorem 2. There exists a graded rings isomorphism: A n ®K[Z, Z 1 ] — > B n ® 

K K[Z] 

K[Z,Z-\ 

Proof. Since {{B n )z)o — A n , we will prove that multiplication induces a ring iso- 
morphism: n : {(B n )z)o ® K[Z, Z' 1 } — ■» (B n ) z : b/Z l ® Z fe — > 6Z fe /^, as- 
sume b/Z l is homogeneous with degree b — I + k, then b/Z l — b/Z l+k .Z k and 
degree(6/Z £+fe ) = 0. 

Then b/Z e+k ®Z k — > b/Z e , similarly if degree b = £ - k, b/Z e ~ k ® Z k — > 
6/Z £ .The map fj, is onto. 

k 

Consider now an element b/Z k of degree zero. We can write b as: b — fi{X, 5)Z k ~ l 
with degree /^(X, 8) = i. 

b/Z k ® Z £ — »• Z^^f^X, 5)Z fe - 4 = in (B n ) z . 

i=0 

k 

It follows there exist t > such that Z l J2 MX, 8)Z k - 1 = in B„. 

i=0 

Therefore: b/Z k ® Z e = bZ l /Z k+t ®Z l = 0. 

We have proved /i is an isomorphism. □ 

The inclusion K — > K[Z, Z^ 1 ] induces a flat morphism: A n — > A n ®K[Z, Z^ 1 ] = 

A n \Z,Z~ x \ and there is a pair of adjoint functors: A n [Z, Z~ Y \ ®— : ModA n — > 
Gr A n \z,z- X \i resA ■ Gr An [z,z- 1 ] — ► ModA n , where resA is the restriction. 

The following result is a particular case of a theorem given by Dade [Da] . We 
include the proof for completeness. 

Theorem 3. The functors res a, A n \Z,Z~ x \ ®— are exact inverse equivalences. 

Proof. It is clear both functors are exact. 

Let M = © Mi be a graded A n [Z, Z _1 ]-module. Multiplication induces a mor- 

iez 

phism of graded modules: fi : A n [Z, Z^ 1 ] ® Mq — > M. 

A 

If Z k m — 0, then m = Z~ k Z k m = and [m is injective, but given m e 
(i(Z k ®Z- k m) =m. 

It follows ji is an isomorphism. 

Moreover, if / : M — > N is a morphism of graded A n [Z, Z~ ^-modules, the 
following diagram commutes: 
A n [Z,Z- 1 ]®M — ► M 

I 1 ® fo if 
A^Z^Z- 1 ]®^ — > JV 

It follows, {A n \Z,Z~ x \ ® -)res A = 1. 

Given an A„-module M, it is clear resA(A n [Z, Z~ x \ ® M) = M and given a 

A 

morphism of A„-modules / : M — > N, res^l ® f) = /• 

Therefore res A (A n [Z, Z' 1 } ® -) = 1. □ 

A 

Corollary 2. The equivalences res a, A n [Z, Z~ x ] ®— preserve projective modules, 
irreducible modules, send left ideals to left ideals giving an order preserving bijection. 
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We will study now the relations between Grs n and Gr^B n ) z - We denote by Q 
the localization functor Q : Grs n — > Gr^B n ) z , M — > Mz, where 
M z = (B n ) z ® M ~ K[Z, Z- 1 ] ® B n ® M = K[Z, Z~ x \ ® M. 

B K[Z] B„ ' K[Z] 

If we denote by grg n and gr(B n ) z the categories of finitely generated graded 
B n and (_B„)z-modules, respectively. Then Q restricts to a functor Q : grs„ — > 

9 r (B n ) z - 

Definition 2. Given a B n -module M, define the Z-torsion of M as: t z (M) = {m G 
M \ there exists n > with Z n m — }. It is clear tz is an idem-potent radical. We 
say M is Z-torsion when tz{M) — M and Z-torsion free iftz(M) = 0. 

The kernel of the natural map M — > M z is t z (M). 

Proposition 6. i) Let f : M — > N be a morphism of graded B n -raodules. Then 
fz ■ Mz — > Nz is zero if and only if f factors through a Z -torsion module. 

ii) Let ip : Mz — > Nz be a morphism of finitely generated graded (B n )z- 
modules, there exists an integer k > and a map f : Z k M — > N such that 
the composition Mz — > (Z k M)z — > Nz is (p and Mz — > (Z k M)z is an iso- 
morphism of graded modules. 

ii) Let M be a finitely generated graded (B n ) z -module. The there exists a finitely 
generated B n -sub module M of M such that (M)z — Mz- 

Proof, i) Let / : M ->• N be a morphism such that f z : M z — > N z , f z = O.Lct 
m e M with /(m)/l = O.Thcn there exist some k > such that Z k f{m) = 0. It 
follows /(M)is of Z-torsion and the map / factors as / = jf with j : t z (M) — > M 
the inclusion and / : M — > t z (M) the restriction of /. 

Conversely, / = gh with h : M — > L and g : L — > M maps and L of Z-torsion, 
then L z = and f z = g z h z = 0. 

ii) Let ip : Mz — > Nz be a morphism of finitely generated graded {B n ) z - 
modules. Let mi, m^,... mk be a set of homogeneous generators of M z with degree 
rrii = di and let d = max{(ii}.Then (fi(mi) = Xi n i,i ® Z *- j , degree riij + kij = d{. 

3 

If kij > 0, then riij ® Z ki j = ni^Z kii ® 1, hence we may assume <p(mi) = 

J2 n i,j ® Z k > -i , with k t j < 

j 

Let k =max{ -hj}. Then ip(m l ) = Yl, n i,j Z k+ki <i <E> Z~ k = m <E> Z~ k , degree 

j 

rii = di + k. 

Consider the restriction to Z k M of the map: M M ® K^^- 1 } 

K[Z] 

N ® K[Z,Z-\ f : Z k M — > N ® 1 ^ A^.The map / is a degree zero map. 

K[Z] 

We have an exact sequence: -> Z k M -> M -> M/Z k M -> 0, with M/Z k M of 
Z-torsion. Localizing, there exist an isomorphism (Z k M) z — Mz- There is a map 
fz : (Z k M) z -»• N z , given by fz{m/Z e ) = f(Z k (m/Z k + e ) = f(Z k m)/Z e + k = 
(p(Z k m)/Z e+k = Z k <p{m)/Z e+k = <p(m/Z e ). 

iii) Let M be a finitely generated (-B„)z-module with homogeneous generators: 
mi, m.2,... mfe of degree rrii = di. 

By restriction, M is a £?„-module. Let M be the -B„-submodule of M generated 
by mi, m,2,... m k . 
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Localizing we get M z — {B n )z <8>M = B n ® K[Z, Z' 1 ]® M ^ K\Z, Z' 1 } ® 

B K[Z] B K[Z] 

M. 

Let \i : K\Z, Z~ x \ <g) M — >• M be the map given by multiplication. 

K[Z] 

I : ■ homogeneous elements of K\Z, Z^ 1 ] <g) M are of the form Z~ k <g> m, hence 

K[Z] 

fi(Z~ k ® m) = Z~ k m = implies m = Z k Z~ k m = 0. 

Let m be an element of M homogeneous of degree k. It has form: m = ^ bi/Z ni rrii, 
degree bi + di — rii = k. Set n = max{rii}. 

Then Z"m = ^ 6 i Z™ _ " i m i = m is an element of M of degree k + n and \x{Z~ k <g> 
m) = m. □ 

Corollary 3. Let M , N be finitely generated graded B n -modules. A map : Mz — > 
Nz is an isomorphism if and only if there exists a map f : Z k M — > N such that 
Kerf , Cokerf are of Z -torsion and fz — <p. If there is a map f : Z k M — > N such 
that fz is an isomorphism then K erf , Cokerf are of Z -torsion even when Mor 
N are not finitely generated. 

We shall define another torsion theory on Grs n - 

Let M be a graded _B„-modulc, t(M) — L anc ^ J = {L |sub module of M 

dim^L < oo}. 

Claim: t(M/t(M)) = 0. 

Let TV be a finitely generated sub module of M such that + t{M)/t{M) = 
N/Nnt(M) is finite dimensional over if.Since -B„is noetherian is finitely generated, 
hence of finite dimension over K. It follows N is finite dimensional, so N C t(M). 

Let iV be an arbitrary sub module of Mwith N + t(M)/t(M)finitc dimensional 
over K, then N = J2 N i, wit h N t finitely generated, each N t + t(M)/t(M) is finite 
dimensional, therefore Ni C t{M).\t follows N C t{M). 

3. The derived Categories D b (QgrB n ) and D b {gr(B n ) z )- 

In this section we will study the relations between the derived categories D b (QgrB n ) 
and D b (gr(B n )z) and their relations with the stable category gr B < n of the shrike 
algebra B' n of B n . 

Definition 3. We say that a (graded) B n -module is torsion if t(M) = M and 
torsion free if t{M) = 0. 

It is clear t(M) is Z-torsion and t(M) C tz(M). Therefore if M is torsion then 
it is Z -torsion and if M is Z-torsion free then it is torsion free. 

The torsion free modules form a Serre (or thick) subcategory of G^we localize 
with respect to this subcategory as explained in [Ga],[P] . Denote by QGrB n the 
quotient category and let it : Grs n — > QGrB n be the quotient functor, QGrB n = 
GrB n /Torsion, is an abelian category with enough injectives and 7r is an exact func- 
tor. When taking this quotient we are inverting the maps of B n — graded modules, 
/ : M — > N such that if erf and Cokerf are torsion. 

The category QGrB n has the same objects as GrB n and maps: 

Hom QGrBn (tt(M), tt(N)) = \iujHom GrB „ (M' , N/t{M)), the limit running through 
all the sub modules M'of M such that M/M 1 is torsion. 

If M is a finitely generated module then the limit has a simpler form: 
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Hom QGr B n (TT(M),Tr(N)) = \u^Hom GrBn {M> k , N/t{M)). 

k 

In case N is torsion free: HomQ Gr B n {^(M),Tr(N)) = \inj Hom Gr B„(M> k , N). 

k 

The functor n : Grs n — > QGrB n has a right adjoint: w : QGrB n — > Gr^such 
that ttzu = 1 . [PN]. 

If we denote by grs n the category of finitely generated graded £>„-modules and 
by QgrB n the full subcategory of QGrB n consisting of the objects n(N) with N 
finitely generated, then the functor ir induces by restriction a functor: tt : grs n — > 
QgrB n .The kernel of tt is: Kerir = {M G gr Bn \ ir(M) = 0} = {M G gr Bn | 
t(M) = M}. 

In the other hand, the functor: (B n )z ® — : gr Bn — > gr(B n ) z has kernel: 

B 

Ker{{B n ) z <8> -) = {M G ,gr B „ | M z = 0}. 

B 

It follows: if er7r C Ker((B n ) z ® -). 

According to [P] (pag. 173 Cor. 3.11) there exists a unique functor ip such that 
the following diagram commutes: 

gr Bn -4 QgrB n 

{B n ) z ®- \ i/ ^ 

gr(B n )z 

This is: ^7r = (B n ) z ® -. 
Proposition 7. T/ie functor tp : QgrB n — > gr(B n )z is exact, 
f g 

Proof. Let — > 7r(M) — > w(N) — > n(L) be an exact sequence in QgrB n .We 
may assume M,N,L torsion free. Then:: 

A A 

/ G lu^Hom G rB n (M> k , N) and g G \m^Hom GrB „ (N >S ,L). 

k s 

There exist exact sequences: — > M> k +i — > M>k — > M> k /M> k+ i — > which 
induces an exact sequence: 

-> Hom GrBn (M> k /M> k+1 ,N) -+ Hom GrBn (M> k , N) -+ Hom GrBn (M> k+1 , N). 
Since we are assuming N is torsion free Hom GrBn (M> k /M> k+ i, N) = 0. 

A 

Hence / G Hom QGrBn (tt(M), 7r(iV)) = U Hom GrBn {M> k , N). 

k>0 

A A 

The map / is represented by / : M> k — > N. Similarly, g is represented by a 

fn A 
map g : N> e — > L and we have a sequence: : M> k+e — > N> e — > L with (<?/) = 

A A 

gf = 0, which implies gf factors through a torsion module, but L torsion free 
implies gf — 0. Since M> k+ g is torsion free, / is a monomorphism. If Cokerg 
is torsion, there exists an s > such that Co ker<?> s = 0. Taking a large enough 

truncation we obtain a sequence: M> s -A N> s A L> s with / a monomorphism, g 
an epimorphism and gf = 0. 

/" 

Consider the exact sequences: — > M> s — > if erg — > ii — > 0, — > if erg — > 
N> s ->■ L> s -> 0. 

Applying 7r we obtain the following isomorphism of exact sequences: 
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0^ tt(M> s ) n 4' ir(Kerg) -> n(H) -> 

|= |= 

A 

0^ tt(M) A Kerg -> 
It follows n(H) = and H is torsion, so there exists an integer t > such 
that -£/> t = 0. Finally taking a large enough truncation we get an exact sequence: 

— > Af> s -4 iV> s 4 L> s -> such that the following sequences are isomorphic: 

0^ tt(M> s ) % n(N> s ) ^ tt(L> s ) -+0 

4- 

A A 

0^ tt(M) A tt(JV) A tt(L) ^0 

Applying ip we have an exact sequence: — > ipir(M) -4 i}jtt(N) -4 iJjtt{L) — > 0, 

which is isomorphic to ^ {M> s ) z S A (N> s ) z 9 -3 (L> s ) z -> 0. 

We have proved V> is exact. □ 

The functor V has a derived functor: £>(^>) : D b (QgrB n ) — > D b (gr(B n )z), we 
will study next its properties. 

Observe QgrB n does not have neither enough projective nor enough injective 
objects. 

Lemma 5. Let -> JVi A A 2 ^ ...JV/_i JV* ->• &e a sequence of B n - 
modules and assume the compositions didi-i factors through a module of Z -torsion. 

A A 

Then there exists a complex: ->■ ATi A N 2 ®t z (N 1 ) % N 3 © t z (N 2 )...N e -i 

A A 

®t z (N e ) A £ ->■ 7 where di = 



" -dl " 


A 


Si 





(-l)Mj 

(-1)^+1 



and 



A 



c?£_i = [ —di-i ji ] ,where the maps ji : t z (Ni) — > iVj are f/ie natural inclusions. 

Proof. Each morphism d, : iV, — >• iV»+i induces by restriction a map d^ : t z (Ni) — > 
t z {Ni + i) such that the following diagram commutes: 

tz(JVi) ^ *z(JV 2 ) 3 i z (JV 3 ) tz(JVi_i) V i z (JV<) 

4.n l.?2 i .73 i j>-i I if 

^ A iV 2 A A 3 A £ _! ^ N e 

Since the compositions djdj_i factors through a module of Z-torsion, there exist 

maps Si : N { -> t z (N i+2 ) such that j.; +2 Si = d i+ id,. 

We have the following equalities: ji+ 2 Siji = d i+ idiji = di+ijid^ = j i+2 d- +1 d^ 

and ji +2 a monomorphism implies Sjjj = d^ +1 d- . 

A A 

We can easily check d i+1 di = 0. □ 
Proposition 8. Denote by Q the localization functor Q = (B n ) z ® — and by C h {—) 

B 

, the category of bounded complexes. The induced functor C h (Q) : C b (grB n ) — > 
Cb (9r(B n ) z ) is dense. 

Proof. Let ->• Mi ^ M 2 A ...m ^ s L? M^Obea complex in C b (gr [Bn)z ). 

A 

For each M^there exists a finitely generated graded B„-submodule Mj such that 

A 

(Mi) z = Miand a graded morphism d, : Z 'Mi — >■ Mj+iof £?„-modules such that 
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A A I 

(di) z ■ (Z ki M l ) z -> (M i+1 ) z is isomorphic Si : M; ->■ M i+1 . Let A: be fc = 
We then have a chain of B„-morphisms: 

Z k Mt % Z k2 +- ke M 2 % Z k3 +- kt M 3 ^ ...Z k '- 1 +~ k 'M e - 1 *V Z kt M e . Changing 
notation write Mi instead of Z ki+ -- kl Mi. We then have a chain of morphisms: 

M 1 % M 2 % ...M t _ x % x M t such that {M 1 ) z {M 2 ) z ...(M/_i) z d '3 z 

(M e ) z is isomorphic to the complex: ^ Mi ^ M 2 ^ ...M f _i ^ M t ->■ 0. This 
implies {didi_\)z = 0, which means factors through a Z-torsion module. By 

lemma? there exists a complex: 

A A A 

-> Mi 4 M 2 © t z (Mi) ^ M 3 © t z (M 2 )...M/_i ®t z (M e ) M e -> such 

A A A 

that -> (Mi) z ^ (M 2 ®t z {M 1 ))z (M 3 ©t z (M 2 )) z ...(M £ _i 8tz(M/)) z d % lz 

(M<?)z —> is isomorphic to: -)■ Mi % M 2 ^ ...M e-i ^ M i -> 0. □ 

Corollary 4. The functor C b {i)) : C b {Qgr Bn ) -> C b (gr (Bn)z ) is dense. 

Proof. There are functors C*(tt) : C b (gr Bn ) -> C b (Qgr Bn ) andC*(V>) : C b {Qgr Bn ) - 
C b (gr {Bn)z ) such that C 6 (?/>) C b (7r) = C*(Q) and C b (Q) dense implies C*(V>) is 
dense. □ 

Corollary 5. 77ie induced functors K b (Q) : K b (gr B J ->■ K b (gr (Bn)z ) andK b (ip) : 
K b (Qgr B J ->■ K b (gr {Bn)z ) are dense. 

Proof. Interpreting as the stable category of C*(.A), denote by r : (7 fe (.A) — > 

isr b (^4) the corresponding functor. There is a commutative diagram: 

CW) C X Q) C & ( 3 r (B „ )z ) 
4 t 4- r 

*Vfl„) *V(b„) z ) 
Since the functors r and C b (Q) are dense, the functor K b (Q) is dense. 
As above we have isomorphisms: Jf 6 (V>) if b (7r) = K b (Q). It follows if b (V>) is 
dense. □ 

Corollary 6. The induced functors D b (Q) : D b (gr B J -> D b (gr (Bn)z ) andD b (^) : 
D b (Qgr Bn ) ->■ D b (gr (Bn)z ) are dense. 

Proof. Since the functors 7r : — > QgrB n and ^ : QgrB n — > gr(B n ) z arc 
exact they induce derived functors: D b (i:) : D b {gr Bn ) — > D b (QgrB n ) and D b (tp) : 
D b (QgrB n ) -> D b (gr(B n ) z ) such that D b (^)D b (ir) = D b (Q). 
There is a commutative exact diagram: 

4 ; 

I>Vb») ^ £>V(B„)z) 
where the functors corresponding to the columns are dense, hence D b (Q) is 
dense, which in turn implies D b (tp) is dense. □ 

We will describe next he kernel of the functor D b (ip). By definition, KerD b (ip) = 
{M° | D b {4>){M°) is acyclic}. 
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Proposition 9. There is the following description ofT = KerD b (ip). KerD h (ip) — 
{ttM° I M° e D b (gr B J such that for all i H l {M°) is of Z -torsion}. 

Proof. The kernel of the functor D b (ip) is the category T of complexes: N : — > 
ttTVi % nN 2 H irN 3 ...irN e _ 1 irN e ->■ 0, such that: 

A A A 

-> ipnNi ^ tpTvN 2 ipTrN 3 ...ilmN£^i ^ d l^ 1 ipnNe — > is acyclic. 

A 

Proceeding as above, we may assume each and each map di lifts to a map 
di ■ {Ni)>k — > N i+ i such that the map Tr(di) : ir((Ni)>k) — > K(N i+ i) is isomorphic 

A 

to d l : ttN 1 ->• 7rJV i+ i. 

Taking a large enough truncation we get a complex of _B„-modules: NZ, k : — > 

{Ni)> k % {N 2 )> k H ...(N t -i)> k ^ (Ni)> k -> such that tt( iV£ fe ) S jv°. 

The complex: (JV| fc ) z : -> ((Aq)> fe )z ^ ((JV 2 )> fc )z ^ ...((JV/-i)>k)z ^ 

A A A 

{(Ne)>k)z — >• is isomorphic to — ► ipirNi ^-4 ipnN 2 ^ V 7r -^3---V' 7r -^-i A^ 1 
tpTrNe — > , hence it is acyclic. 

Changing notation we have a complex of _B„-modules: N° : Ni N 2 ^ 

...N e -i "V Nt->0 such that (N°) z : -> (JVi) z ^ (7V 2 )z ^ ...(JVi-i)z ^ 
(Ni)z — > is acyclic. 

We have exact sequences: 

o 
I 

0^ flerdi -> TVi % Imdi -> 

I 

I 
o 

Localizing we get exact sequences: 

o 
I 

0^ (Kerd^z -> (JV^z ^ (Imrf^ -> 

I jz 

0^ (^erd 2 ) z -> (7V 2 ) Z ^ (JV 3 ) Z 

I 
o 

where jz, di z are isomorphisms, hence H°(N°)z = 0, H 1 (N°)z = 0. Therefore 
H°(N°) and H 1 ^ ) are Z-torsion. More generally for each i the modules H^N ) 
are Z-torsion. □ 



Corollary 7. TTie Nakayama automorphism a : B n — > B n induces an autoequiva- 
lence D b (a) : D b (grs n ) — > D h {grB n ) and T is invariant under D b (a). 
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Proof. We saw in Section one that given an automorphism of graded algebras a : 
B n — > B n , there is an autoequivalence grs n — > g^B n , that we also denote by a, 
such that a(M) is the module M with twisted multiplication b e B n and m G M, 
b * m = a(b)m, clearly a is an exact functor that sends modules of finite length 
into modules of finite length. Then a induces an exact functor: a : QgrB n — > 
QgrB n .Therefor: an autoequivalence: D b {a) : D b {grB n ) — > D b {grB n ). If M is a 
module of Z-torsion, then oM is of Z-torsion. From this it is clear that D b (a) 
sends an clement of T to an element of T. □ 

The category T = KerD{ip) is "epasse" (thick) and we can take the Verdicr 
quotient D b (QgrB n ) /T. 

Our aim is to prove the main result of the section: 

Theorem 4. There exists an equivalence of triangulated categories: D b (QgrB n )/T = 
D b {gr(B n ) z ) . 

A -1A A A 

Let s f : X — > Y be a map in \I/(T) (in Miyachi's notation). This is a 

A ° 



A A ° A ° : 

j y\ A , where X is a complex of the form: X : — > 

A° A° 

X Y 

A A A 



irX n ° A irX n °+! A ... -> ttX^'+c- 1 A irX n °+ e -> 0. 

After a proper truncation there exists complexes of graded £> n -modulcs X°, 

A A ° : A ° : 

K°, Y° such that ttX° X , ttK° ^ K ,tt Y° = Y and graded maps / : 

A A A -1A 

X° -)■ K°, s : Y° -t K° such that irf = f, its = s, the roof s f becomes: 
ttK° 

nf /■ \ 7rs , where ns is a quasi isomorphism. 

nX° ttY° 

There is a triangle in K b {grB n ) : X° A K° A Z° A X°[-l] which induces a 
morphism of triangles: 

x° A k° A z° A x°[-i] 

tu fa tl t«[-l] 

x'° ->• y° A z° -> 

Applying 7r we obtain a morphism of triangles: 

ttX° A ttK° A ttZ ttA ttA°[-1] 

t 7TU t 7TS t 1 t 7ra[-l] 

irX'° -»• 7ry° A? ttZ° -> ttA' [-1] 

By definition of ^(T) the object irZ° € T, which means Z° has homology of 
Z-torsion. The maps its, iru are quasi isomorphisms. Applying the functor ip we 

obtain a triangle: i}jttX % f ^ttK° % 9 iPnZ° % h i/-7rA°[-l] where V>7rZ°is acyclic. 
It follows tpnf is invertible in D b (gr(B n ) z ). 

We have proved the functor: D b (ip) : D b (QgrB n ) — > D b (gr^ Bn ) z ) sends elements 
of ^(T) to invertible elements in D b (gr(B n )z)-By [Mi] Prop. 712, there exists a 
functor 8 : D b (QgrB n )/T — > D b (gr^ Bn ) z ) such that the triangle: 
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D b (Qgr B J D\gr{B n ) z ) 

Q \ /> 6» . commutes. 

D b (QgrB n )/T 
Since D b (tp)is dense, so is 0. 

Before proving is an equivalence, we will need two lemmas: 

A 

Lemma 6. Let K°, L° be complexes in C b (grB n ) and let f : K° z — >• L° z be a 
morphism of complexes of graded (B n )z -modules. Then there exists a bounded 
complex of graded B n -modules N° and a map of complexes f : N° — > L° such that 

N° z = K° z and f z = f. 

Proof. Let K°, L° be the complexes: K°: -> K° A K 1 A ...K^ 1 AiCMO 
and L° : -> L° A L 1 A ...L n ~ x A L n -> 0. 

A A 

Each map : if^ ~~ * u ^s to a map /, : Z ki K l — > U such that (/i)z = 
Let fc be fc = maxjfcj}. Then we have the following diagram: 

-> Z^ A Z^ 1 A Z^ 2 A ... Z fe if ™ -> 

I /o I /l I /2 I /n 

0^ L° A L 1 A I? A... L n ->0 

A A 

where (dfi-i — fid)z — df i _ 1 — f \d = O.Thc map dfi-i — fid factors though 
tz{L l ). 

There exist maps s,_i : Z k K l 1 -> t z {L l ) and ji : t z (L l ) L* such that 
/id — = jiSi-i and the diagrams: 

Iji-i 1 ii commute. 

We have the following equalities: (fid — dfi-\)d = jiSi-id, —dfi-\d = jiSi^id 
and d(fi-id - dfi- 2 ) = dfi-if = dji-iSi- 2 = jidsi- 2 . 
But ji mono implies s^id + dsi- 2 = 0. 
We have proved that: 



N° : -> Z fe X° A Z k K 1 (S)tz{L 1 ) A Z k K 2 ®t z {L 2 )... Z k K n ~ x ®t z {L n - x ) A 1 

d 
Si d' 



Z k K n — >• 0, where the maps have the following form: d n 



A 

di 



d 
so 

de-i=[ d J is a complex of £?„-modules and (/j, — ji) : Z k K l © t z (L l ) — > L l , 

A 

(/, -j) : N° -> L° is a map of complexes such that N° z ^ iff and (/, j) z = f. □ 



Lemma 7. Lef if ° 7 L° be complexes in C b (grB n ) and f : L° z — >• if^ &e a morphism 
of complexes of graded (B n ) z -modules which is homotopic to zero. Then there exist 
bounded complexes of B n -modules, M° , N° and a map of complexes f : N° — > M° , 

A 

such that f is homotopic to zero, N z = L° z , M z = K° z and f z = f. 



Proof. Consider the following diagram: 
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0^ L% A L\ A L% A... ^0 

I fo Si S I fl s 2/ l/ 2 SmS ifm ' Wh6re S:L Z^ 

0^ K% A K\ A K% A... L n z ^0 

A 

K° z \—X\ is the homotopy, hence f i = dzSi + s i+ idz- 

For each i there exist integers fc i; k[ and maps ti : Z ki L l — > K 1 ^ 1 and f[ : 

, A 
Z k iU -> if 1 such that = Sj and (//)z = /V Taking k — max{fcj}we have 

maps: 

Z fe 7° 4 Z fe L J 4 Z fc L 2 4 ... Z k L m 

I /o h \/ I f\ h \/ 4 ./2 'm/ 4 /m 

0^ K° A K 1 A K 2 A ... K m -> 

A 

Consider the map: (/■ — (t i+1 d + dti))z = fi — (s i+ idz + dzSi = O.As above, 
f[ — (t i+ id + dti) factors through a Z-torsion module and there exist maps: Vi : 
Z k L l -> t z (K l ) and inclusions ji : t z (K l ) K l such that f-~(t i+ id+dti) = -jiVi 
or f'i+jiVi = U+id + dU. 

Set fi = fi + j^.Then (/ 4 )z - (#)z - /<• 

But we have now fi = ti + id+dU, = tid+dti^i imply /i<i = dUd = fi-\d. □ 

We can prove now the theorem, 
i) 9 is faithful. 

Let 7i be Ti = {1° G C b ( 3 r B J | is torsion for all i}and T 2 = {X° G 

C fc (.gr B J I iT(X°)is Z-torsion for all i}. 

A map in D b (QgrB n )/T can be written as follows: 

nK° ttL° 

Tt// 1 \tTS irt/* \7Tfif 

7rA° ttF ttZ° 

where t, s € ^>(Ti) and .9 G *(72)- 
In K h {grB n ) we have maps: 

JC° L° 
f S \s t/ \g 

X° Y° Z° 

We have an exact sequence of complexes: 

y° A k° © l° © /° 4 vk° o 

Where 7° is a complex which is a sum of complexes of the form: — > X A X — > 



0, hence acyclic. The maps /i, v are of the form: \i 



s 
t 
u 

By the long homology sequence, there is an exact sequence: *) 



and v = [ t' s' v ] . 



H t+1 (w°) ir<r°) H 4 Ai) © ^4"° -> h i - 1 {y°) -> 

Since 7r is an exact functor, for any complex ttH 1 (X ) = ^(irX ) and the exact 
sequence *) induces an exact sequence: **) 

iiH i+1 {W°) -> 7rff l (y°) itHHK°) © ^i7 4 (^°) -> 
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Which is isomorphic to the complex: 

...-»• H* +1 (irW°) -»• H 1 (ttY°) H*{irK°) © H 1 {ttL°) H*{irW°) -> 

H^iirY ) -> ... 

The maps H 1 (tts), H z (nt) are isomorphisms. Hence it follows H l {-n^) is for each 
i a splittable monomorphism and for each i there is an exact sequence: 



H*(irv) 



0^ H l (nY°) H 1 (ttK°) ®H l (nL°) ^ ' H l (nW°) ^ 

which can be embedded in a commutative exact diagram: 





I 





I 

" 



i 



1 



-> 



I W{-KS) 

0^ H l (nK°) 

I 




H*(irK )®H l (irL°) 
I [ 1 ] 
H^ttK ) 

I 






I 

H'IttL ) 
I H* (its') 

HHitW ) 
I 




By this and a similar diagram it follows H z (irs'), H l (irt') are isomorphisms. 
We have a commutative diagram in K b {QgrB n ) ■ 



ttK° 



TTt' /* 
\ ITS 



irX c 



irW° 



ttY c 



\tts' 

TTt / 



7tL° 



Then 6{ (Tr*?)- 1 ^)" 1 ^/) = D^XC™'^)" 1 ^ /)) = {s' z g z )-%fz = 0. 
But s' z , gz, t' z are isomorphisms in D b (grB z ). It follows f z = in D b {grB z ). 

A° 

Then there is a quasi isomorphism of complexes v : N — > such that /z« is 
homotopic to zero. By Lemma ?, there is a bounded complex N° of £>„-modulcs 

A° 

and a map v : N° — > X°such that iV| = and can be identified with w. 

According to Lemma ??. there is an integer k > such that the composition 

of maps Z k N° T T 4 AT is homotopic to zero and (resv)z = vz is a quasi 
isomorphism. This implies resf S ^C^) and nf = in D b (QgrB n )/T- 

Therefore ■Kg)- 1 nt(ns)- 1 Trf = in D b {QgrB n )/T. 

ii) is full. 



^-z 



Let 



A 
/ 



be a map in D b (gr^ Bn - )z ). By lemma ?, there 



X° z 



Y° 
1 z 



exists a complex: 



AT° : -> Z fe A-° ^ Z k K 1 ®tz(Y 1 ) % Z k K 2 ®t z (Y 2 )... Z k K n - 1 ®t z (Y n - 1 ) 



Z k K n — > 0, where the maps have the following form: c? = 



d 
so 



A 

di = 



d 

Si 




d' 
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A A 

d^_i=[ d ] and a map f : N° ^ F°such that N° z ^ K° z and f z = /.Changing 

A 

A'' for K° we may assume / is a localized map fz and get a roof: 



A 



N° z 



*V \f. 



X° z Z Y°z 

A A ° 

We now lift s to a map of complexes s : N ->X°: 



0^ Z fc N° A Z fc N 1 et z (X 1 ) A Z fc N 2 ©t z (X 2 ) ... d ^ Z fc N m 

S '■ 4- s 4 s l 4- s 2 4 s m 

x° A x 1 4 x 2 ... A x m -»o 



5/ \(io) 

1° Z fc 7V° 



Localizing we obtain: 

sz/ \ (10) z 



A 



\/2 



A " MO) A A 

with N z 4 Z Z k N° z ~ N° z isomorphisms, s z = s, f z = f. 
We have proved 8 is full. 



Y° 
1 z 

A 



S 



with s z — s. 

We have a commutative diagram: 

A A A 

0^ Z fc N° H Z fc N 1 0t z (X 1 ) % Z fc N 2 0t z (X 2 ) ... d ^ Z fe N m -+0 

(io) 41 4(10) 4(10) 41 

0^ Z fc N° A Z fc N x A Z fe N 2 ... 4> Z fe N m -+0 

We obtain the following roof: 

A 

N 



4. The category of T-local objects. 

Let T be the full subcategory of D°{Qgr Bn ) consisting of T-local objects, this 
is: JH^°e D\Qgr Bn ) \ Hom Db{QgrBn) {T,X°) = 0} 

According to [Mi], Prop. 9.8, for each Y° E D b (Qgr Bn ) and X° E J", 
Hom Db{QgrBn) (Y°,X°) = Hom Db{QgrBn)/T (QY°,QX°) - 

Hom Db(gr{Bn)z) {^Y°^X°). 

In particular there is a full embedding of T in D h {gr^ Bn - )z ). 
According to [MM] and [MS] there is a duality of triangulated categories : 
gr ! — > D b (Qgr B °p) induced by the duality <j) : gr t — > CCP Bnl with CCP Bn the 
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category of linear complexes of graded projective P n -modulcs. If M = © M, is a 

i>ko 

graded B' n — module, then (j){M) is a complex of the form: 

D(M)®B n ...D(M feo+ „)®B„[-fc -n] -> £(M fco+n _i) <g>E n [-fc -n+l] -)■ 

-Bo -Bo 

• ••-D(M fco+1 ® B n )[-ko - 1] -> £>(M feo ) ® S„[-Ab] 0. 

Bo Bo 

0(M) is the complex: 

...7r(D(M fco+n ) <g> P„)[-/c - n] -> 7r(D(M fco+n _i) ® B n )[-k - n + 1] -> 

Bo B 

...7r(£>(M fco+ i) ® B n )[-k - 1] -> 7r(P,(M feo ) ® B„)[-Ao] -> 

B B 

If we compose with the usual duality we obtain an equivalence of triangulated 
categories: <pD : gr — > D b (QgrB n )- 

Under the duality there is a pair (J 7 ' ,T') such that J 7 ' — > J 7 and T' — >• T 
corresponds to the pair: (T, J 7 ). 

We want to characterize the subcategories J 7 ', T'of gr 

We shall start by recalling some properties of the finitely generated graded B n - 
modules. 

The algebra B n is a Koszul algebra of finite global dimension, under such con- 
ditions, for any finitely generated graded P„-module M there is a truncation M>fc 
such that M>fc[fc] is Koszul [M]. But in Qgrs n the objects ttM and 7rM>fc are iso- 
morphic, hence we can consider only Koszul P„-modules and their shifts. Assume 
M is finitely generated but of infinite dimension over K. The torsion part t(M) is 
finite dimensional over K, hence there is a torsion free truncation M>fc of M, so 
we may assume M torsion free and Koszul. 

Let 's suppose M is of Z-torsion. There exists an integer n such that Z n ~ 1 M ^ 
and Z n M = 0. There is a filtration of M: M D ZM D Z 2 M... D Z n ~ x M D 0. 
Since Z is an clement of degree one (ZM)i = ZMj_i, which implies (Z J M)>fc = 
Z>(M > k _j). 

Truncation of Koszul is Koszul and we can take large enough truncation in order 
to have (iPM)> fe Koszul for all j. Changing M for M>£ we may assume all Z J M 
are Koszul. 

There is a commutative exact diagram: 

o 

-> O(M) — > n(M/ZM) -> ZM -> 

1 I 
P 4 P 
1 | 

-> ZM ->■ M -> M/ZM -> 

I 4- 
o o 

the modules Q(M), ZM are Koszul generated in the same degree, it follows 
M/ZM is Koszul and for any integer k > 1 there is an exact sequence: 

0^ n k (M) ->■ fl k (M/ZM) -> VL k - x (ZM) ->■ .By [GM1] there is an 
exact sequence: 

0^-i?om Sn (n fe - 1 (ZM),B r>0 ) -> Hom Bn (n k {M/ZM),B n o) -> 
HorriB n (Q k (M), B n0 ) — > or an exact sequence: 

*) -»• Ext 1 ^ 1 (ZM, B n o) -> Ext k Bn (M/ZM,B n0 ) -)• Ext k B jM, B n0 ) -> 0. 
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We will denote by F B (N) = © Ext% (N, B ) the Koszul duality functor 

fe>0 

F Bn : K Bn -> K Bl . 

Adding all sequences *) we obtain an exact sequence: 
-> F Bn (ZM)[-l] -> F Bn {M/ZM) -> F Bn {M) -> 

We can apply the same argument to any module Z 3 M to get an exact sequence: 
-> i^ n (^' +1 M)[-j - 1] -> F Bn (Z'M/Z' +1 M)[-j] -> F Bn (ZiM)[-j] -> 0. 
Gluing all short exact sequences we obtain a long exact sequence of Koszul up 
to shifting B^-modules: 

**) 0-s-F Bn (^"- 1 M)[-n + l] -s-FB n (Z"- 2 M/Z"- 1 M)[-n + 2]... -> 
F Bn {M/ZM)^F Bn {M)^0 

It will be enough to study non semismple Koszul £?„-modules N such that ZN = 
0. They can be considered as C„-modules. 

We have the following commutative exact diagram: 































24"° 


i 

->■ 




















-> 




-> 




4-1 


->• 


-> 





-»• 


4- 






-> 



The algebra £?„ is an integral domain and in consequence the free £?„-modulcs 
are torsion free and ZB™° is isomorphic to -£>""[— 1]. 

The exact sequence: -> -> Cl B (N) ->■ fic(iV) -> consists of graded 

modules generated in degree one and the first two term are Koszul, by [GM] this 
implies fic(iV) is Koszul as B„-module. 

There is a commutative exact diagram: 

o o 
4- I 

o s; io [-i] -> ->o 

n%(N) -> s; io +™ i [-i] -> ^ B (7v) ->o 

4- 4-4- 



In particular Sl%(N) =n B n c (N). 

Since fic'(iV) C C"°it is a C„-module and we have the following commutative 
exact diagram: 

o 

1 I 

I I 

0^ fi B fic(W) -»■ B^[-l] Q c (iV) -+0 

| | 1 1 

0^ !!^JV) -> C™ 1 -> fic(-W) ->-0 

I I 
o o 

and an exact sequence: -> B™ 1 [-2] -> fi|(iV) -> fi^(AT) ->■ 0. 
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In general there exist exact sequences: 

-> Bn"- 1 [-k] -»• 0|(AT) -»• n£.(JV) -> 0. 

which induce exact sequences: 
^Hom B „(^(N),B ii0 )^Hom B „(^(N),B 7i o)^Hom i j ?i (B^- 1 [-k],B„ )^ 0. 

The module fi£.(iV) is annihilated by Z which implies J B Sl k c (N) = Jc^c( N )- Thc 
module B n0 — C n o = K. 

There are isomorphisms: 
Hom Bn (n k c (N),B n0 ) S Hom BB o^(JV)/JBn^(iV),B B o) = 

Homc n o{n%(N)/J c Sl%(N),C n0 ) = Hom Cn {^c i N ), C n o) = Ext k c jN,C n0 ). 

We then have an exact sequence: *) -> F C „(7V) 4 F Bn (N) ©S 1 "*- 1 [fc] -> 

fe=i 



Lemma 8. T/ie map a is a morphism of C' n -modules. 



Proof. Let x be an element of Ext k c ^ (K, K) and y G Ext k c ^ (N, K) we want to 
prove a(xy) = xa(y). 

The element x is an extension: O^if^iJ^if^O and y : -> K ->• V" -> 
fic _1 (7V) -> 0, the induced map / given below corresponds to y : 

1/ I 4-1 

0^ X -> V -> O^T^iV) ->•{) 
Consider the following pull back: 
0^ K -> L -> fi£.(AT) ->-0 

1 1 I 4- / 

0^ X -> £ -> A" 
The exact sequence: -> B^N-fc] -> 0|(iV) 4 fi^(AT) -> induces a pull 
back of B„-modules: 

k -> -> n|(jv) ->o 
1 1 I 4- ^/c 

It was proved above the existence of commutative exact diagrams: 







4- 






4- 




-> 


-t>n 


->■ 


r> n k-2 


-> 


4- 


4- 




4- 




-> Sl%(N) -> 


D™fe-2+nfe-i 


-)■ 


Sl k ~\N) 


-> 


1 


4- 




1 




o n|(jv) -> 


r> n k-l 


->■ 




-> 


1 


4- 




i 
















-> 0|(AT) 




-> 


n k c -\N) - 


-> 




4- 




|i 




and 0^ ft£,(iV) 




-¥ 




-> 


4- 




4- 
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Gluing diagrams we obtain a commutative diagram with exact rows: 








-> r^ +1 (N) 




-pnfc+rife-l 


-Dnfc-2+n/c-l 




-> 






95 1 




1 


\ 1 


1 




a(xy): 





-»• K 


-> 


w 




+ ^'(N) 


-> 






11 




1 


1 


11 




xy: 





-> K 


-> 


L 




-> ^(N) 


-> 






11 




1 


1 


11 




xy: 





-> K 


->■ 


E 


■* V 


-> ^(N) 


-> 


a(xy) 




G Ext k B +1 (N,K) 











In the other hand we have the following commutative diagram with exact rows: 



0^ ^b +1 (N) 


-> 






-> 


11 




" 1 


1 TTk 




0^ ^b +1 (N) 


-> 




-> ^(N) 


-> 


1 TTfe+l 




1 


11 




0^ ^c +1 ( N ) 


-> 




+ ^(N) 


-> 


4V 




1 


|1 




-> K 


->■ 


L 


+ ^c(N) 


-> 






1 


If 




-> K 


-> 


E 


■» K 


-> 



Gluing diagrams we obtain the following commutative exact diagrams: 
0^ ^s +1 (N) -> B" fc+ " fc - 1 -> fi|(N) ->0 

0^ K -> E -> K ->-0 

0^ 0| +1 (N) -> B^+" fc - 1 -> 0|(N) ->0 
and i if 1 I f7r fe 

0^ K -> E -> K ->-0 
The map (/?' corresponds with x/ G Ext^y l (N, K), a(y) = 7Tfc/, ara(g/) = (p. 
Then we have: a(xy) = a(xf) = p'nk+i = fl(firk) = f = xa(y). □ 



Lemma 9. There is an isomorphism: B' n Fc(M) = Fb(M). 

Proof. Let x be an element of Ext B (M, K) and <p the corresponding morphism: 

ip : Cl B (M) — > if. As above there exists the following commutative exact diagram: 



1 I 

-> £C- 2 [-fc + i] -> s; ifc - 2 [-fc + i] ->o 

0^ ^I(M) -> B^-'+^-^-fe + l] fi| -1 (M) ->0 

~\r "i* 4* 

0^ n B fic _1 ( M ) -> Bn* _1 [- fc + 1 ] -> ^c _1 ( M ) ^° 

II I 


Since the module il B (M) is generated in degree k, there exists an exact sequence 
of graded modules generated in degree k: 

-> fi B (M) -> JBn^'l-k + 1] -> J^ _1 (M) -> 0, which in turn induces an 
exact sequence: -> JO|(M) -> J 2 B n n k ^[-k + !]->■ J 2 0^ _1 (M) -> and there 
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exists a commutative exact diagram: 












1 




1 


-> 


JO|(M) 


-> 




J 2 ft£,-i(M) 








1 


1 


-> 


n*(M) 


-4 


JB^' 1 


J^ _1 (M) 




4- 7T 




4- 7T 


1 



-> 
-)■ 



4 4 4 



Since qj = 1, it follows qWj = qjir = n. 
Being if scmisimplc, the map ip factors as follows: 
0|(M) 4 if 

n|(M)/jfi|(M) 

Set f = tqW,f- JBn*- 1 \-k + 1] — > if . Then /j = t^Tfj = tn = ip. 
Consider the commutative diagram with exact rows: 



-> 


Qb^^M) 




■* ^c _1 ( M ) 


-> 




4i 


41 


4-p 




-> 


JS™"- 1 [-fc + 1] 




-»• n^-^Mj/jn^r^M) 


-> 




if 


4 


4= 




-> 


if 




■> ©if 

"fc-1 


-> 



The map corresponding to the last column is: p 



Pi 



: Q£T (M) ©if. 



nk-i 

Pn k -i 

Each ft : fi^ _1 (M) -> if corresponds to an element of Ext k c ^{M, if). 

x = (x\,X2---x nk _ 1 ) and each Xi is an extension: O^K^Ei^K^ 0. Taking 
pull backs: 

x lPl : 0^ if ->• L 4 -> O^T^M) 

41 4 4 Pi 

Si : ->• if ->■ ->■ if 

where each G B^Ext^' 1 (M, K) and = J2 x iPi e B n Ext c^( M ^ K )- 
There is also the following induced diagram with exact rows: 

0^ ObQ^T^M) -> B^-^fc + l] -> ^c _1 ( M ) ^° 

4/1 4 41 

0^ if -> l -»• n^ _1 (M) ->o 
41 4 4_p 

x : ^ if -> £ ©if ^ 

Gluing the diagrams we obtain the following commutative exact diagram: 
0^ SlgSl^iM) -> B^-^fc + l] -> ^c _1 ( M ) ^° 

4/1 4 4 p 

x: ^ if -> £ ©if ^ 

It follows h = f j = ip up to homotopy. 

We have proved B [ n Ext^ 1 (M, if) = Ext k Bn (M, if). 

It follows by induction b\f c {M) = F B (M). □ 
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We can prove now the following: 

Proposition 10. Let M be a Koszul non semisimple B n -module with ZM = 0, 

Fb ■ Kb — > K B '~ , Fc : Kc — > K c < Koszul dualities. Then there is an isomorphism 

of Bi-modules: B l <g> F C (M) = F B (M). 
c"- 

Proof. We proved in the previous lemma that the map \x : B'^ ® Fc(M) — > Fb(M) 

C- 

given by multiplication is surjective and we know that B' n = C' n (B ZC' n , so there is 
a splittable sequence of C^-modules: — > C' n — > B' n — > ZC\ % — > which induces a 
commutative exact diagram: 

0^ Cl®F c {M) -> B' n ®F c {M) -> ZCl®F c {M) 
c ! c ! c ! 

1= I fl I fl" 

m 

0^ F C (M) -> Fb(M) -> ©S*™*- 1 ^] ->0 

o o 
By dimensions //" is an isomorphism, therefore /x is an isomorphism. □ 

It as proved in [MM], [MS] that the duality <p : gr ->■ CCP Bn , with £CP B „ 

the category of linear complexes of graded projective -B„-modules, induces a duality 
of triangulated categories <j> : gr — > D b (Qgr B °p)- In particular given a complex 

ttX° in D b (Qgr B ^p) 1 there is a totally linear complex (see [MM] for definition) 
Y° such that nY° is isomorphic to ttX° , Moreover, Y° is quasi isomorphic to a 
linear complex of projectives P° and by [MS] P° = 4>(M). Therefore irX° is quasi 
isomorphic to ir(f>(M). 

It was proved in [MS] that iT(</>(M)) = for alH ^ if and only if M is Koszul 
and in this case if G B < n ■ K B i -> if Bn is Koszul duality, then H°((f)(M)) = G B < n (M). 

Since is a finite dimensional algebra, it follows by [MZ] that for any finitely 
generated -B^-module M there exists an integer k > such that f2 fc M is weakly 
Koszul. 

since is the shift in the triangulated category gr and </> is a duality it follows 

— B Si 

0(f2 fc M) = </>(M)[fc]. Being the category T triangulated, it is invariant under shift 
and 7T</>(M) e T if and only if 7r</>(fi fc M) G T. 

We may assume M is weakly Koszul and M = J2 M ii M o 0- By [MZ] there 

exists an exact sequence: — > Km — > M — » i — > with % < M > generated by 
the degree zero part of M, Km is Koszul and J 3 Km — J J M (~l J^m for all j > 0. 

Being an exact functor there is an exact sequence: — > </>(£■) — > <f>(M) — > 
4>{Km) — >• of complexes of P„-modulcs, which induces a long exact sequence: 

...-»• H\^{L)) -> H^^M)) H^^Km)) -> -»■ H°(cb(M)) 

h°(4>(Km)) -> o 

where H°((j>(M)) S H ((t>{K M )) and = H l ((f,(M) for all i ^ 0. Being 

# M Koszul H°(<t>(K M )) £S Gb'JKm) and G B < n (K M ) is of Z-torsion. 

According to [MZ] there is a filtration: M — U p D U p -\ D ...U\ D U = K M 
such that Ui/Ui-iis Koszul and J fc J7i n ?7j_i = J k Ui-\. 

The module L is weakly Koszul and it has a filtration: i = U p /Uo D U p -\/Uq D 
...U\/Uq with factors Koszul, it follows by induction each G B > (t/j/t/j_i) — V\ is a 
Koszul _B„-module of Z-torsion. 
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Each V t has a filtration: V t D ZVi D Z 2 V< D ... D Z k *V t D 0, Z k *V t ^ 0, 
Z ki+1 Vi = 0. After a truncation T^> Hi we may assume all Z^Vi Koszul. But Vi> ni = 
J n *Vi ^ G B < {£l ni (U i /U i - 1 )). Taking n = max{nj we change M for ft™(M),which 
is weakly Koszul with filtration: n n M = tt n U p D n n £/p_i D ..M n Ui D n n U Q . 
We may assume all Z 3 Vi are Koszul. There exist exact sequences: 
*) F B jZ k ^)[-k t ] -> Fg^Z^Vi/Z^VDl-ki + 1]... -> 

where each F Bn (Z : >Vi/Z : > +1 Vi) = B* n <g> X^ is an induced module of a Koszul 



C ra -module X^. 

Lemma 10. Let R be a Z-graded K-algebra, with K a field, M a graded left R- 

module and N a graded right R-module. Then M <g> N is a graded K -module such 

R 

that M (g> N\j] = (M <g> N)[j] as graded K -modules. 
R R 

Proof. Recall the definition of the graded tensor product [Mac] : 

Let vp: M®R®N^M®Nbe the map: ip(m ®r®n) = mr ®n — m® rn. 

K K K 

Then Cokip — M ® N. 

R 

The K- module M ® N has grading: (M ® N) k = V Mi (g> TV,- . It follows 

K K i+j=k K 

M®N [j] S (M®N 

and there is an isomorphism of exact sequences: 
M®R®(N[j}) ->■ M®{N[j]) ->■ M<g>(7V[j]) ->-0 

K K K r 

1= i= i= □ 

{M®R® N)[j] ->■ (Af®JV)M ->> (M(8)7V)U] o 

Lemma 11. Let L?^ and C' n be the algebras given above, for any finitely generated 
graded C' n -module M there is an isomorphism: Q B > (B' n ® M) = B ] - <g) fi c i (M). 

Proof. Let — > fi^i (M) — > F — > M — » be an exact sequence with F free of rank 
r, the graded projective cover of M. Then f2 C ! (M) C J^! F. 

We proved = © ZC' n , therefore J B < = J c < + Zc[. It follows: £^ ® J c < = 

C?, <g> J c! + ZC;, <8> J c! = J c i + Z <g> J c < c J B I . 

Therefore: B' n <g> ft c! (M) C S^O© J c . = ©L^ <g> J c < C ©J B ! = J B ! (B^ © F). 

C- ™ r " r C ! ™ r ™ ™ c ! 

It follows: — > -B|j ® fi C ! (M) -> £^ <g> F ->• F^ <g) M -)■ is exact and 5^ ® F is 
the graded projective cover of B' n ® M. Then O b i (S^ ® M) S Sj, ® Q c , (M). □ 

Lemma 12. Let B' n and C' n be the algebras given above and let M be a Koszul 
Cl -module. Then Bl ® M is Koszul and G B < (Bl ® M) = G c < (M).. 

Proo/. Let F„[-n] F„_i[-n+ 1] -> ...F^-l] -> F -)■ M -)■ be a graded 
projective resolution of M,with each Fj free of rank ri.Tensoring with B' n ® we 

obtain a graded projective resolution of (g) M : — > (B' n ® F„)[— n] — > (S^ ® 
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F„_i)[-n+ 1] -> ...(5^ O Fi)[-1] -> <g> F ® M -> with each <g> F 4 

free -Bjj-modules of rank n. 

Moreover, £a;i™, <g)M,if) ^ Hom B > (Q n (B' ® M),K) ^ i/om B! (B* <g> 

cl Cl " c|, 

n n M,K) = Hom c < n {n n M,K) = Szig, (M, if). 

Therefore: G B i (B* <8> M) ~ G c i (M) . □ 

cl 



Remark 1. To be G B < n (B' n ® M) a C n -module means: ZG B < n (B' n ® M) = 0. 

C l C l 

We know B n S © fet" 1 , (if, if), C„ 8 (if, if), and B n /ZB n S C„. 

m>0 n m>0 " 

Since is a sub algebra of B^, given an extension a; : ^ if — > Ei — > E 2 ^ 
...E n — > if — > of i?^, we obtain by restriction of scalars an extension resx : 
— > resK — > resEi — > resE^ — > ...resE n -> resif -» of C„-modules, where resM 
is the module M with multiplication of scalars restricted to C^.It is clear res(xy) — 
res(x)res(y) and restriction gives an homomorphism of graded fc-algebras: res : 
© Ext™, (if, if) -> © (if, if). 

m>0 n m>0 n 

Lemma 13. There is an homomorphism: p : Ext B , (if, if) — > Ext B , ((B' n <g> if, if) 

n n Cl 

, given by the Yoneda product p(x) = xji (pull back) of the exact sequence x with 

the multiplication map p : B n <g> if — > if , such that the composition of the map, 

cl 

tp 1 : Ext B , ((B' n ® if, if) — > Ext 1 ^ (if, if) in the previous lemma with p, is the 
restriction: ipp=res. 

Proof. Let x be the extension: a; : ^ if — > E — ^ if — >■ 0. Since B' n is a free 
C^-module, there is a commutative exact diagram 

-)■ B' n ®K — > B' n ® E B' n ® K ->■ 

c;, cj, 

0^ if £ -s- if ->0 

with yu multiplication. 
This diagram splits in two diagrams: 
0-)- 





-> B- ® E - 


* B„ ® if 


-> 




c' n 






4- v 


4- 


4-1 




if 


->• W 


■> B- n ® K 
cl 


-> 


4-1 


4- 


i/j, 




if 




* if 


-> 


:) = Xjl 


= m(^ 







-> 
Then 

For any finitely generated C^-module M there is an isomorphism a obtained as 
the composition of the natural isomorphisms: 

Rom B s (B' n <8> M,K) = Hom c <. {M,Hom B > (B^, if)) = iiom c! (M,if). 

If j : M ^ B' n (g> M be the map j{m) = 1 <8> m and f : ® M -> if is any 
map, then a(f) = fj. 
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Then ipp{x) = ^{xp) is the top sequence in the commutative exact diagram: 

0^ if -> L -> if -> 
I 1 | I j 

o ^ a: -s-w-s-s^oif-j-o 

4-1 4- 4- m 

if -s- £ -> if ->o 

Since pj = 1, gluing both diagrams we obtain ipp(x) = resx. □ 



Lemma 14. Under the conditions of the previous lemma the map p is surjective. 

Proof. Since B' n = C' n ® ZC' n , B' n ® if is a graded vector space of dimension two 

with one copy of if in degree zero and one copy of if in degree one. Hence the 
multiplication map p : B' n (g> if —¥ if is an cpimorphsi with kernel u : if [— 1] — > 

^ ® if . 

c' n 

Let y : -> if [-1] -> £ -> <8> if ->■ be an element of Er^, (if, <g> if) 

and take the pullback: 

0^ if[-l] -> JV -> if[-l] ->-0 

4.1 4- 4- u 

0^ if[-l] -> £ B' n ®K ->0 

But the top exact sequence split because the ends are generated in the same 
degree and the algebra is Koszul or equivalently there is a lifting v : if [— 1] — > E of 
u and we get a commutaive exact diagram: 

-> if[-l] -> if[-l] ->0 

4.1 4- ^ 4- M 

0^ if[-l] ->• £ ->• Bj, <S> if -s- 

4.1 4- 4- 1 1 

if[-i] -»• l -> if ->o 

Proving p is surjective. □ 



Corollary 8. TTie map res : ® i&ri™, (if, if ) ->■ ® Ext™, (if, if) is a surjective 

m>0 n m>0 

homomorphism of algebras and the kernel of res is the ideal ZB n = B n Z. 

Proof. Since both B' n and C' n are Koszul algebras they are graded algebras gen- 
erated in degree one, and it follows from the lemma that for any m > the map 
res : Ext™, (if, if) -> Ext™, (if, if) is surjective. 

Observe that for any homomorphism / : B n — > C n Z is in the kernel. 

We have in B n the equality X\8\ — 8\X\ = Z 2 . Since C n is commutative, /( 
X 1 8 1 - 8^) = - = f{Zf = 0, 

But since C n is an integral domain, it follows f(Z) = 0. 

B n C n 

In particular ZB n C Ker(res) and there is a factorization: \ /"a 

B n /ZB n 

and since B n /ZB n = C n it follows by dimension, that a is an isomorphism. □ 
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Lemma 15. With the same notation as in the previous lemma, let M be a Koszul 
C' n -module and tp : G B < (B' n ® M) — > G C ' (M), the isomorphism in the previous 

lemma. 

Then given y e Ext™, (B' n ® M,K) and c e Ext B , (K,K), we have tp(cy) = 
res{c)ip(y). 

Proof. The map / : B' n ® Q m (M) — > K corresponding to the extension y is the 

map in the commutative exact diagram: 

-> B' n <g> O m (M) ->• B' n <g> C^" 1 ... -> Sjj <S> Ctf° -> <g> M -> 
cj, CJ, CJ, cj, 

1/ I I 4-1 

-> X -> E x ... -> £ m -> <g) M ->■ 

where 1/ is the bottom raw. 

If ? : fi m (M) -> B' <g> n m (M) is the map j(m) = 1 <g> m, then is the 

extension corresponding to the map fj. 

Consider the commutative diagram with exact raws: 
-> fi m+1 (M) -> -> ft m (M) -> 

j 4- j 4- i 4- 

Bjj (g) SO m+1 (M) — > B|j <8> -> B^ ® fl m (M) 



n/ 1 I / 1 

0^ JB' n B' n ^ K ->•{) 

9 1 i 1 I 

0^ K L ^ K ^0 

where c is the bottom sequence. 

Since B' n — C' n (B C' n Z as C^-module, the map g restricted to C' n represents the 
extension res(c). 

Taking the pullback we obtain a commutative diagram with exact raws: 



-> 


O m+1 (M) 


-5. 




-> O m (M) 


-)• 








4- 


H 




-> 




-5. 




-> O m (M) 


-> 




H 




1 


fj I 




-> 


if 


->■ 


L 


-> if 


-> 



Proposition 11. Lei M &e a Koszul C n -module and G B < — © Ext™, (—,K) 

m>0 n 



and fl(fj) = Sl(f)j. 

It follows V( C J/) = res(c)ip(y). □ 
As a corollary we obtain the following: 

1 . 

Koszul duality. Then Z(G & . (Bl <8> M)) = 0. 

Proof. Denote by 2; the extension corresponding to Z under the isomorphism B n = 
Ext™, (K,K). By the previous lemma, for any extension y e Ext m , (B' n <g> 

m>0 " n 

M),K) , tp(zy) = res(z)ip(y) and by lemma ?, res(z) = 0. Since ip is an isomor- 
phism, it follows zy = 0, hence Z(G B \ (Bl ® M)) =0. □ 
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Proposition 12. Let B' n and C' n be the algebras given above. Then for any induced 
module B' n <£> M when we apply the duality <f) to B' n (g M we obtain an element of 

T. 

Proof. There exists some integer n > such that Q n M and Q n (B*- (g M) are weakly 

Koszul. Since 4>{fl n (B' n <g M)) = 0(5^ (g) M)[n] .The object ~$(tt n (B' n <g M)) is in 

T if and only if <j)(B' n (g M) is in T. We may assume M and B' n <g M are weakly 
Koszul. 

The module M has a filtration: M = U p D U p -i D ...U\ D Uq such that U l /U i -i 
is Koszul, hence; B' n <g> M has a filtration: Bj, (g) M = £^ <g> f/ p D -B^ (g) U p -i D 

<g> t/i D B' n <g> U such that B- n ® f7i/B^ <g f7j_i = B' n <E> Ui/Ui-i is Koszul. 
cj, c>„ c' n c'„ c'„ 

The exact sequence: — >• L?^ £7o — > -B^ (g f/i — ► (g U\/Uq — > induces an 

c*n cj, cj, 

exact sequence of complexes: — > 0( <g Ui/Uq) — > </>(-B^ (g Z7i) — > (^(-B^ <g ?7o) - > 

which induces a long exact sequence: 

HH4>{ B' n ® t/i/t/o)) -> ® d)) ® U )) -> #°(<K 

<g C/i/C/o)) -> ff (<M5i ® £M) -> #°(<M^ <g U )) -> 

where H l {<j){B' n (g C/ )) = for i ^ and H°{<j)(B' n ® U )) = G B . (B' <g 
f7 ) = G c! (C/ ) of Z-torsion, H°((f>(B' n ® C/i)) = H°(cf)(B' n ® [/ )) and iP(</>( 
B^ (g f7i/f/o)) = H l {(f>(B- n <g C/i)) for t ^ O.It follows (g C/i)) is of Z- 

torsion for all «. By induction H l ((j)(B' n ® M)) is of Z-torsion for all i. 

We have proved <f>(B' n (g M) e T. □ 

Lemma 16. Lei M be a B^-module and assume there is an integer n > smc/i 
i/iat Q™.M = N has the following properties: 

The module N is weakly Koszul, it has a filtration: N = U p D U p -\ D ...Ui D Uo 
such that Ui/Ui-i is Koszul, and for all k > 0, J k Ui f) Ui-\ = J k Ui-\. 

The Koszul modules G B < (C/j/C/j_i) = V,- L are of Z-. torsion. 

Then <j>(M) is m T. 

Proof. As above, <j>(M) is in T if and only if <j>(N) is in T ■ 

The exact sequence: — > Uq — > C/i — > f/i/ Uq — > induces an exact sequence: 

-> 0( C/i/ t/b) -> 0(C^i) -»• 0(C/b) -> such that i?°(0(J7i)) S H°(4>{U Q )) 
= G B ^(U ) is of Z-torsion and J ff i (V( U x l U )) = W^Ux)) is of Z-torsion for all 

1 7^ 0. By induction, H l ((j)(N)) is of Z-torsion for all i, hence <f>(N) is in T. □ 

Theorem 5. Let 7" ' &e t/ie subcategory of gr B \ corresponding to T under the 
duality: <j> : gr — > D b (Qgr B °p). This is: (j>(T ') =T .Then T ' is the smallest 

triangulated subcategory of gr B < containing the induced modules and closed under 
the Nakayama automorphism. 
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Proof. Let B be a triangulated subcategory of gr B \ containing the induced modules 
and closed under the Nakayama automorphism. Let M G T 1 and ft n M = N 
weakly Koszul with a filtration N = U p D U p -\ D ■■■U\ D Uo such that Ui/Ui-i is 
Koszul, and for all k > 0, J k XJ l n U l - X = J k Ui^. 

Since T ' is closed under the shift the module N is also in T '. We prove by 
induction on the length of the filtration that for each i the modules Ui, Ui/Ui-i&re 
in T '. 

We have an exact sequence of complexes: — >• (f>( N/ Uo) — > 4>(N) — > (j){Uo) — > 

By the long homology sequence there is an exact sequence: 

...H i+1 (<j>(U ) Hi(<f>( N/ U )) -»• Hi(<f>(N)) -»• Hi{<f>(Uo)) -> AT/ 
I7o))--»- Ho(^( JV/ C^o)) -> H (4>(N)) -»• H (<f>(U )) -> 

By [MZ], H {<P{N)) = H (cf>{U )), H (<t>( N/ U )) = and H^Uo)) = for 
all i^O, . Then AT/ U )) = Hi(cf>(N)) for all i ^ and H ((j)(Uo)) is of 

Z- torsion and Hi(<f>( N/ Uo)) is of Z -torsion for all i. 

It follows by induction, C/j, ?7j/f/,_iare in 7" ' for all z. 

The Koszul modules G B < n (Ui/Ui-i) = Vi arc of Z-torsion and each Z J Vi is 
Koszul. 

There exists an exact sequence: 

-+ F B „(Z fe -^)h^] -> FsjZ^- 1 ^/^^)!-^ + 1]- 

-> F Bn (Vi/ZVi) -»• I/i/I/i-i -)• where each F Bn (ZiV i /Zj+ 1 Vi) = B' n ® X y is 

an induced module of a Koszul C^-module Xy. 

Then each F B (Z'Vi/Z> +1 Vi) = B' n ® Xu is in B . 

Moreover, the exact sequences: 0— J-Bjj ® — >-B|j ® Xjfe 4 _i — >Kfc._ 2 — >-0 gives 
rise to triangles: B^igX^ -)■ i?^ ® X lfei _i -> -> Sl -1 ^ ® -^ifcj- Therefore 

Kki-2 G B. It follows by induction, Ui/Ui-i G B. 

The filtration N ~ U p D U p -\ D ...U\ D Uo induces triangles: Uo — > C/i — >• 
C/i/C/o rr^t/o) with U ,Ui/U G B. It follows f7i G S. 

By induction, N £ B. 

We have proved T'cB. □ 



Theorem 6. Lei T ' &e f/ie subcategory of gr B ^ corresponding to T under the 
duality: <j> : gr — > D b (Qgr B o P ). This is: 4>(T ') =T . TTien T '/las Auslander 

Reiten triangles and they are of type ZA^ . 

Proof. Let M be an indecomposable non projective module in T '. Then we have 
almost split sequences: ->■ aVt 2 M -> F ->• M ->■ and -> M ->■ F ->■ 
C7 _1 Q _2 M — >■ 0, since the category T is closed under the Nakayama automor- 
phism, T ' is also closed under the Nakayama automorphism and a£l 2 M, <7 -1 f2 -2 M 
are objects in T '. From the exact sequences of complexes: — > <fi(M) — »■ <p( 
E) -> 4>{aVt 2 M) -> and -> ^(cr- 1 ^- 2 ^'/) ->• 0(F) 0(M) ->• and the 
long homology sequence we get that both (j>( E) and <j){ F) are in T. Therefore: 
E and F are in T '. We have proved T 'has almost split sequences and they are 
almost split sequences in gr , . We proved in [MZ] that the Auslander Reiten com- 
ponents of gr_ B < n are of type ZA^. It follows aQ 2 M -¥ E -¥ M att 2 M[-l] 
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and M — >• F — >• a 1 il 2 M — > M[— 1] are Auslander Reiten triangles and that the 
Auslandcr Reiten components are of type ZAoo. □ 

We will characterize now the full subcategory T ' of gr^such that </>(.F ') = T . 

Theorem 7. The subcategory T ' of gr B <^ such that <j){F ') = T consists of the 
graded B' n -modules M such that the restriction of M to C' n is infective. 
Proof. Let M G T '■ There is an isomorphism: Hom D b^Q grg0p ^ 
Hom g rP ^ (M, T ') = 0, which implies Hom B ^ (M, T ') = 
In particular for any induced module B' n ® Vt 2 L we have: 

Horri d (M, B x n ® tt 2 L) = = ffom K! (0" 2 M, ® £). 

cj, ™ cj, 

By Auslander-Reiten formula: 

D( Hom B \ (fT 2 M, B' n ® L)) = ExtL {Bi ® L, M) = for all L e 5r c i . 

c' n n c' n 

Consider the exact sequences: — > O c i (L) — > F — > L — > 0, with F the projective 
cover of L.It induces an exact sequence: 

-S- B' n ® n c ~. (L) -> 5^ ® F -> 5^ ® L -> 
" cj, cj, 

By the long homology sequence, there is an exact sequence: 

Hom B , (B' n ® L, M) ->■ #om B ! (B^ <g> F, M) Bom B . (Bj, ® Vt c < (L),M) -> 
cj, ™ c]> cj, 

Ext 1 ^,, (B' n ® L, M) — > which by the adjunction isomorphism are isomorphic to the 

Cj, 

exact sequences: -> Hom c \{L,M) -)■ Hom c \{F,M) -> i?om c i (£), M) -> 
Ext^, (L, M) — > 0. 

It follows, SartJ,, (L, M) = Sart^, (B^ <g> L, M) and by dimension shift 

£atf£,, (L, M) S Satf*. (Bj, ® L, M) = for all fc > 1. 

We have proved the restriction of M to is injective. 

Let's assume now the restriction of M to is injective: 

Then for any integer n the restriction of Q n M to C' n is injective. 

Let Igf. There exists an integer n > such that f2"X = Y, is weakly Koszul 
and it has a filtration: Y = U p D U p -\ D ...U\ D Uq such that Ui/Ui-i is Koszul, 
and for all k > 0, J k Ui n C/;-i = J fe £/i_i-The Koszul modules G B >,(C/i/£/i-i) = V* 
are of torsion and each Z^Vi is Koszul. 

Set N = n n M, the restriction of N to is injective. 

There exist exact sequences: 

-+ F B „(Z fe -y 4 )[-fc.] -> FB^Z^Vi/Z^Vi^-h + 1]... 

-> F B jyilZVi) -»• I/i/I/i-i -)• where each F Bn {ZiVi/Z^V^ = B^ ® X„ is 

an induced module of a Koszul C^-module Xij. 

The exact sequences: — > B' n ® B' n ® X^-i — > — > induce 

cj, Cj, 

exact sequences: 

0^i?oTO B! (K ki _ 2 ,N) ->Hom B i (B f n ® X tkl -i , A) — > Hom B \ (B' n ® X lkt , iV) 
-> Ext B , (K ki _ 2 ,N) -»• £7arf^, ( ® X ik i,N) £?a*^, (Bj, X jfci , JV) 
-> Faril, (K ki _2, N) -> £7^, ( ® X iki _i,N) -> .. 
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where Ext j B , ( B [ n ® X iki -i,N) ~ Ext? c , {X iki -i,N) = for all j > 1. 

It follows: Ext 3 B] (K ki _ 2 ,N) = for all j > 2.But £xt J B , {K ki _ 2 ,N) 

J Ba;^T 1 (iffe 1 -2, ft _1 A0 and £arf B , (ir fei _ 2 , ft^AT) = for all j > 1. 

The sequences: — > K k 2 — > #1 <g> Xi k 2 — ► K k 3 — > induce exact se- 
el. 

quences: 

Ext 3 (Kk^fl^N) -> SariL ( ® X ifei _ 2 , 0" 1 ^) -> Sarf* , (ir fei _ 2 , Q^Af) 

Therefore Ext j B V(K k ^ 3 , ft" 1 AT) = for j > 1 which implies 
Ext B , (K k ^ 3 ,n- 2 N) = for j > 1. 

Continuing by induction there exist some m > such that 
Ext B , {Ui/Ui- U Q.- m N) = for j > 1. 

By induction on p we obtain Ext B , (Y,Q~ m N) = for j > l,in particular 

fiit^, (y, ft-™ ao = 0. 

By"Auslander-Reiten formula, Ext B , (Y,n-" l N) ~ D( Hom P ,jn- m N, n 2 Y)) = 
D(Hom K {N, n 2+m Y)) = D( Hom B ^ (Q"M, n 2+m Y)). 

It follows gom R i (n n M, n 2+m+n X) = which implies Horn *. (M, fl 2+m X) = 

0. 

Observe m depends only on X. Taking VL 2+m M instead of M we obtain 
Hom y. (ft 2+m M, tl 2+m X) =Hom Bl (M, X) = 0. 

Therefore Horn (M, X) = 0. It follows M e P. □ 



Theorem 8. T/ie category P is closed under the Nakayama automorphism, P 
has Auslander Reiten sequences and they are of the form ZA^ . Moreover, P is a 
triangulated category with Auslander- Reiten triangles and they are of type ZA^. 

Proof. Let M be an indecomposable non projective object in P and — > SIM — > 
P — > M — » exact with P the projective cover of M.Since the restriction of P to C' n 
is projective and restriction is an exact functor, it follows flM is in P . Similarly, 
Vr x M is in P. 

If P is a projective B' n -module and a the Nakayama automorphism, then aP is 
also projective. Therefore: P is closed under the Nakayama automorphism. 

It is clear now that P has Auslander Reiten sequences and they are of the form 
ZA X , by [MZ]. 

Let / : M — > A" be a homomorphism with M, N in P and let j : M — > P be the 
injective envelope of M. There is an exact sequence: 0— s>M— i>P®A — > L — > 
with M and P® N in P. Then L is also in P and the triangle M -> AT -> L -> 
ft _1 M is a triangle in J 7 '. □ 

We have characterized the pair (P,P) corresponding to (T,P) under the du- 
ality <j> : gr — > D b (Qgr B °p). Applying the usual duality D : gr — > gr , op we 

obtain a pair (D(T'),D(P)) which corresponds to (T,P) under the equivalence: 
: gr^ -> £ b (Q. 9 r B o P ). 

Observe the following: 
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From the bimodule isomorphism B' n a 1 = D{B^ n ) 1 for any induced B^-module 
B l ® X, there are natural isomorphisms: 

Hom Bl (B' n ® X, D(Bl)) - D(B' n ® X) S Bom B \ (B* n ® X, B* a" 1 ) = 

c£ cj, cj, 

For any finitely generated right C^-modulc Y there exists a left C^-module X 
such that Hom c t n (X, C' n ) = Y, hence D(B' n <g> X)cr = Y~ <g> Bj,. Since T' is invariant 

under <r, D(T') is also invariant under a and D(T') contains the induced modules. 

Let B be a triangulated subcategory of gr B , op containing the induced mod- 
ules. A triangle A -A B A C A A[l] in gr , comes from an exact sequence 

^ A V BlP^C^O with P a projective module, hence D(C) 
D(B) D W D(A) -> £>(C)[1] is a triangle in #r lop . Therefore: £>(B) is a tri- 
angulated category containing the duals of the induced modules D(Y ® B') = 

D( D(B ] n ® A» - 0(i/ora c , (X, C^) ® BjJ <* Boto b! ( ff m c , (X, & n ) ® 

c ^ c ^ c ^ 

B' n ,aB' n ) = <rB' n ® X. Clearly aD(B) is a triangulated category containing the 

induced modules. Therefore: T' C aD(B). Since T' is closed under Nakayama's 
automorphism a, T' C D{B). It follows D(T') C B and -D(T') can be described as 
the smallest triangulated subcategory of , op that contains the induced modules. 

The usual duality D induces an isomorphism: 
D : Exty (M, N) -> Ext^ op ,(D{N), D(M)). 

It follows that the restriction of M to Cjj is injective if and only if the restriction 
of D(M) to C° p] is projective (injective). It follows D{T') is the category of B° p] - 
modules whose restriction to C° p! is injective. 

T=D(T') is a "epasse" subcategory of gr , op .The functor <pD induces an equiv- 
alence of categories: gr , /T = D b (Qgr B °p)/T and we proved D b (Qgr B °p)/T = 
D h {gr (Bn)z )- 

The equivalence gr^ Bn ) z = mod^ induces an equivalence: D b (gr^ Bn ^ z ) = 

L> b (modA„). 

We have proved: 

Theorem 9. There is an equivalence of triangulated categories: 
gr B ,jT = D b (mod A J. 

The category F= D(F') is the category of all T -local objects it is triangulated. 
By [Mi], there is a full embedding: F —tgr lop /T= D b (mod A „)- 



Proposition 13. The category ind c < of all induced B' n -modules is contravariantly 
finite in gr B < . 
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Proof. Let M be a B^-module and /i : B' n ® M M the map given by multipli- 
ed 

cation. Let a : Horns' (B'n ® M, M) — > Home' {M, M) the morphism giving the 

adjunction. It is easy to see that a(/ti) = 1m- 

Let (fi : B' n ® AT — > M be any map and a(y>) = / : N — > M the map given by 

adjunction. There is a commutative square 

Hom B < n (B' n ® M, M) ^ iJom c . (M, M) 

l(l®/,M) |(/,M) 
Fom fl ! (Bj, ® AT, M) ffom C ! (JV, M) 

from the commutativity of the diagram / = ajv(v) = ajv(^l ® /) implies ip = 
fil®f. 

B' n ®N 
C'„ 

We have proved the triangle: 1 <S> / •/ 4 <j> commutes. □ 

B' n ® M A M 

Corollary 9. add(indc') is contravariantly finite. 
Corollary 10. ind c <As functorialy finite. 

Proof. It is clear from the duality D(mdc' n ) =ind coP ! □ 

Observe (ind^) 1 - = T' however ind^i is not necessary closed under extensions 
and we can not conclude T' contravariantly finite. 

For the notions of contravariantly finite, covariantly finite and functorialy finite, 
we refer to [AS]. 
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